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Abstract
For a profinite group acting continuously on a discrete quasicyclic group, certain classes of closed subgroups called coGalois
and strongly coGalois having natural field theoretic interpretations are investigated. Criteria for closed subgroups being coGalois
and strongly coGalois as well as a complete classification of the associated actions are given.
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0. Introduction
An abstract (topological and group theoretic) approach of the field theoretic coGalois theory is initiated in [3,6],
where, given a profinite group Γ and a quasicyclic discrete Γ -module A, several classes of closed subgroups of Γ and
related classes of subgroups of the cocycle group Z1(Γ , A) are defined, investigated and characterized.
A more general frame for the abstract coGalois theory is the object of a recent project of the author [7]. In this
more general setting one considers a continuous action of a profinite group Γ on a (not necessarily commutative)
profinite group G together with a continuous 1-cocycle η : Γ −→ G with the property that the profinite group G is
topologically generated by the image η(Γ ). The main object of study is the natural Galois connection induced by the
cocycle η between the topological lattice of all closed subgroups of Γ and the topological lattice of all Γ -invariant
closed normal subgroups ofG. The theory developed in [3,6], which we may call abstract cyclotomic coGalois theory,
is the first stage of this more general theory, where G = Hom(Z1(Γ , A), A) is the Pontryagin dual of the discrete
torsion Abelian group Z1(Γ , A) with the action induced by the action of Γ on the discrete quasicyclic group A, while
the continuous cocycle η : Γ −→ G is defined by η(γ )(g) = g(γ ) for g ∈ Z1(Γ , A), γ ∈ Γ .
The basic results of the field theoretic coGalois theory [1] can be easily deduced via Hilbert’s 90 Theorem from
their cyclotomic coGalois abstract versions. Moreover, new results in the field theoretic coGalois theory can be derived
from specific results of the abstract cyclotomic coGalois theory. On the other hand, the more general setting for the
abstract coGalois theory would provide a suitable extension of the frame of the classical field theoretic coGalois
theory.
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In the present paper, divided into six sections, we continue the development of the abstract cyclotomic coGalois
theory initiated in [3,6].
Some preliminary notions and notation are introduced in Section 1.
Section 2 is devoted to two important classes of closed subgroups of a profinite group Γ acting continuously on a
discrete quasicyclic group A: the coGalois and the strongly coGalois subgroups. The main results of this section are
Theorems 2.4 and 2.5, providing local–global principles for coGalois subgroups and normal coGalois subgroups, and
Corollary 2.6, stating the existence of the smallest coGalois normal subgroup of Γ .
In Sections 3 and 4, characterizations of the coGalois subgroups inside the larger class of hereditarily Kneser
subgroups introduced and investigated in [6], as well as of the strongly coGalois subgroups inside the class of coGalois
subgroups, are obtained (Theorems 3.2 and 4.2). These criteria are based on a complete classification of the maximal
hereditarily Kneser non-coGalois subgroups (Proposition 3.5) and of the maximal coGalois subgroups which are not
strongly coGalois (Lemma 4.1).
Section 5 is devoted to two interesting types of actions called coGalois and strongly coGalois actions and to their
complete classification (Lemma 5.2, Theorems 5.3 and 5.4).
In Section 6, the general theory is used to study two particular types of actions with transparent Galois theoretic
interpretations.
The field theoretic versions of the main results of this paper will be discussed in a forthcoming paper, where some
relevant classes of fields as well as some connections to the model theory of Henselian fields [5,8], in particular
p-adically closed fields [10,11], will be considered.
1. Notation and preliminaries
Let Γ be a profinite group acting continuously on a discrete quasicyclic group A identified with a subgroup ofQ/Z.
For r ∈ Q, we denote by r̂ its image through the projection Q −→ Q/Z. We denote by Z1(Γ , A) the discrete torsion
Abelian group of all continuous 1-cocycles (crossed homomorphisms) from Γ to A. As usually, B1(Γ , A) denotes
the subgroup of 1-coboundaries Γ −→ A, γ 7→ (γ − 1)a for a ranging over the elements of A. For n ∈ N \ {0} with
1̂/n ∈ A, we denote by εn ∈ B1(Γ , A) the coboundary associated to 1̂/n.
We denote by L(Γ ) the lattice with respect to the inclusion of all closed subgroups of Γ , and by L(Γ | ∆) the
lattice of all closed subgroups of Γ lying over ∆ ∈ L(Γ ). Similarly, we denote by L(G) the lattice of all subgroups
of G, where G is a subgroup of Z1(Γ , A).
The lattices L(Γ ) and L(Z1(Γ , A)) are related through the canonical reversing maps
L(Γ ) −→ L(Z1(Γ , A)),∆ 7→ ∆⊥ := Z1(Γ | ∆, A) = {g ∈ Z1(Γ , A) | g|∆ = 0}
and
L(Z1(Γ , A)) −→ L(Γ ),G 7→ G⊥ :=
⋂
g∈G
Ker (g),
where Ker (g) = g⊥ := {γ ∈ Γ | g(γ ) = 0} ∈ L(Γ ) is an open subgroup of Γ for all g ∈ Z1(Γ , A). The reversing
maps above define a Galois connection, i.e., ∆ ⊆ ∆⊥⊥ and G ⊆ G⊥⊥ for all ∆ ∈ L(Γ ) and G ∈ L(Z1(Γ , A)).
By restriction one obtains a Galois connection between the lattice Ln(Γ ) of all closed normal subgroups of Γ and
the lattice LΓ (Z1(Γ , A)) of all subgroups of Z1(Γ , A) which are stable under the action (γ, g) 7→ γ g, where
(
γ g)(σ ) = γ g(γ−1σγ ) = g(σ ) + (σ − 1)g(γ ) for γ, σ ∈ Γ , g ∈ Z1(Γ , A). The lattices L(Γ ) and L(Z1(Γ , A))
are equipped with natural spectral topologies and associated profinite topologies which play a key role in the theory
as shown in [6].
The following notation is frequently used in what follows.
|G| denotes the order of a finite group G;
G[n] := {g ∈ G | ng = 0};
OG := {n ∈ N \ {0} | ∃g ∈ G, ord(g) = n} for a torsion Abelian group G;
µG :=
∑
n∈OG
1
n
Z/Z ⊆ Q/Z for a torsion Abelian group G;
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P denotes the set of prime natural numbers;
Pn := {p ∈ P | p | n} for n ∈ N \ {0};
vp denotes the p-adic valuation for p ∈ P;
G(p) denotes the p-primary component of a torsion Abelian group G, p ∈ P;
P := {p ∈ P | p 6= 2} ∪ {4};
Pn := {p ∈ P | p | n} for n ∈ N \ {0};
PG := P ∩OG for a torsion Abelian group G;
A∆ := {a ∈ A | δa = a ∀δ ∈ ∆} for ∆ ∈ L(Γ );
P(Γ , A) := {p ∈ P | 1̂/p ∈ A \ AΓ };
ẐS :=
∏
p∈S
Zp for S ⊆ P;
λS := (λS,p)p∈P ∈ Ẑ =
∏
p∈P
Zp with λS,p = 1 if p ∈ S, λS,p = 0 if p 6∈ S, for S ⊆ P;
∆ C Λ for ∆,Λ ∈ L(Γ ) and ∆ a normal subgroup of Λ;
〈M〉 denotes the closed subgroup generated by a subset M of a profinite group;
Mmin (Mmax) denotes the subset of the minimal (maximal) elements of a poset M.
If 1̂/4 ∈ A \ AΓ , we define ε′4 ∈ Z1(Γ , A) by
ε′4(γ ) =
{
1̂/4 if γ 1̂/4 6= 1̂/4
0̂ if γ 1̂/4 = 1̂/4
and note that ε4 = 2ε′4, ε′⊥4 = ε⊥4 ,Γ/ε⊥4 ∼= Z/2Z.
Since Z1(Γ , A) is a discrete torsion Abelian group, its Pontryagin dual
Z1(Γ , A)∨ := Hom(Z1(Γ , A),Q/Z) = Hom(Z1(Γ , A), A)
is a profinite Abelian group which becomes a profinite A∨[[Γ ]]-module with respect to the action
Γ × Z1(Γ , A)∨ −→ Z1(Γ , A)∨, (γ, ψ) 7→ χ(γ )ψ,
where χ : Γ −→ (A∨)∗ is the continuous “cyclotomic character” defining the action of Γ on A. Moreover
the profinite group Γ and the profinite Γ -module Z1(Γ , A)∨ are related through a canonical continuous cocycle
η : Γ −→ Z1(Γ , A)∨ defined by η(γ )(g) := g(γ ) for γ ∈ Γ , g ∈ Z1(Γ , A), with the property that the profinite
group Z1(Γ , A)∨ is topologically generated by the closed subset η(Γ ). Note that Ker (η) = Z1(Γ , A)⊥ ∈ Ln(Γ ).
For any G ∈ L(Z1(Γ , A)), we denote by ηG : Γ −→ G∨ the continuous cocycle obtained by composing η with the
epimorphism Z1(Γ , A)∨ −→ G∨, so Ker (ηG) = G⊥ ∈ L(Γ | Z1(Γ , A)⊥).
We recall the notion of Kneser group of cocycles, the starting point of the theory developed in [3].
Definition 1.1 ([3, Definition 1.2]). G ∈ L(Z1(Γ , A)) is called a Kneser subgroup of Z1(Γ , A) if the induced con-
tinuous cocycle ηG : Γ −→ G∨ is surjective, so ηG induces a homeomorphism of profinite spaces Γ/G⊥ −→ G∨.
We denote by K(Z1(Γ , A)) the poset of all Kneser subgroups of Z1(Γ , A). Assuming that G ∈ L(Z1(Γ , A)) is
finite, G ∈ K(Z1(Γ , A))⇐⇒ |G| = (Γ : G⊥). Put K+(Z1(Γ , A)) := {G ∈ K(Z1(Γ , A)) | G = G⊥⊥}.
Recall also another basic notion introduced and studied in [3].
Definition 1.2 ([3, Definition 2.1]). G ∈ L(Z1(Γ , A)) is called a coGalois subgroup of Z1(Γ , A) if G is Kneser
and the reversing maps L(G) −→ L(Γ | G⊥), H 7→ H⊥ and L(Γ | G⊥) −→ L(G),∆ 7→ ∆⊥ ∩ G are lattice
anti-isomorphisms, inverse to one another.
We denote by C(Z1(Γ , A)) the poset of all coGalois subgroups of Z1(Γ , A), and put C+(Z1(Γ , A)) := {G ∈
C(Z1(Γ , A)) | G = G⊥⊥}. By [3, Corollary 2.6], C+(Z1(Γ , A)) = K+(Z1(Γ , A)). Next the abstract coGalois
criterion will be frequently used in what follows.
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Theorem 1.3 ([3, Theorem 2.5]). The following are equivalent for G ∈ L(Z1(Γ , A)).
(1) G ∈ C(Z1(Γ , A)).
(2) G⊥ 6⊆ ε⊥p for all p ∈ P(Γ , A) ∩ PG , i.e., P(Γ , A) ∩ PG ⊆ P(G⊥, A).
The following are natural abstract versions of the field theoretic notions of radical and Kneser extensions.
Definition 1.4. ∆ ∈ L(Γ ) is called a radical (Kneser) subgroup of the profinite group Γ if ∆ = G⊥ for some
G ∈ L(Z1(Γ , A)) (K(Z1(Γ , A))).
Since G ∈ L(Z1(Γ , A)) (K(Z1(Γ , A))) satisfying ∆ = G⊥ is not necessarily unique, we sometimes say that ∆
is G-radical (G-Kneser). Denote by R(Γ ) and K(Γ ) the posets of radical and Kneser subgroups of Γ respectively.
Note that ∆ ∈ R(Γ ) ⇐⇒ ∆ = ∆⊥⊥, Γ ∈ K(Γ ) ⊆ R(Γ ), Z1(Γ , A)⊥ C Γ is the smallest radical subgroup of Γ ,
and B1(Γ , A)⊥ is the kernel of the action of Γ on A.
Remark 1.5. The profinite factor group Γ/Z1(Γ , A)⊥ is metabelian. Indeed, the factor group Γ/B1(Γ , A)⊥ is
identified with a closed subgroup of the Abelian profinite group (A∨)∗, while B1(Γ , A)⊥/Z1(Γ , A)⊥ is also Abelian
since g(στ) = g(τσ ) for all g ∈ Z1(Γ , A), σ, τ ∈ B1(Γ , A)⊥.
Since, by [6, Remarks 2.3, 2.6], the posets R(Γ ) and K(Γ ) are not necessarily upper subsets of L(Γ ), and hence
not necessarily closed in the spectral space L(Γ ), we have introduced in [6] suitable proper subclasses as defined
below.
Definition 1.6 ([6, Definitions 2.4 and 2.11]). ∆ ∈ L(Γ ) is called hereditarily radical (hereditarily Kneser),
abbreviated h-radical (h-Kneser), if L(Γ | ∆) ⊆ R(Γ ) (K(Γ )).
Denote by HR(Γ ) and HK(Γ ) the posets of h-radical and h-Kneser subgroups of Γ respectively. The posets
above are closed subspaces of the spectral space L(Γ ) by [6, Corollary 2.15], while a criterion for a h-radical
subgroup of Γ to be h-Kneser is provided by [6, Theorem 3.2]. The corresponding field theoretic notions are described
in [6, Remark 2.16].
Remark 1.7. For Λ ∈ Ln(Γ ), consider the induced continuous action of the factor group Γ/Λ on AΛ ⊆ A. The
lattice isomorphism L(Γ | Λ) −→ L(Γ/Λ),∆ 7→ ∆/Λ induces poset isomorphisms L(Γ | Λ)∩D(Γ ) −→ D(Γ/Λ)
for D ∈ {R,HR,K,HK}, so ∆ ∈ D(Γ )⇐⇒ ∆/Λ ∈ D(Γ/Λ) for ∆ ∈ L(Γ ), Λ := ∩γ∈Γ γ∆γ−1, the core of ∆.
Remark 1.8. The reader is asked to have in mind that the notation D(Γ ) without any reference to the given action of
Γ on A was preferred for its simplicity.
2. CoGalois and strongly coGalois subgroups of a profinite group
Let Γ be a profinite group acting continuously on a subgroup A of Q/Z. In this section we study two classes of
h-Kneser subgroups of Γ with natural field theoretic interpretation.
Definition 2.1. A closed subgroup ∆ of Γ is said to be coGalois if there exists a coGalois subgroup G of Z1(Γ , A)
such that ∆ = G⊥. ∆ is said to be strongly coGalois, abbreviated s-coGalois, if ∆ ∈ R(Γ ) and ∆⊥ ∈ C(Z1(Γ , A)).
If ∆ is coGalois, then the coGalois subgroup G of Z1(Γ , A) for which ∆ = G⊥ is unique by [3, Corollary 2.12].
Let C(Γ ) (C+(Γ )) denote the poset of all coGalois (s-coGalois) subgroups of Γ . Clearly, Γ ∈ C+(Γ ) ⊆ C(Γ ). Note
that Remark 1.7 extends to the case D ∈ {C, C+}.
By [3, Corollary 2.12, Remark 2.13], C(Γ ) is a closed Γ -subspace of the spectral Γ -spaceHK(Γ ) and the coherent
map [6, Theorem 2.13] K(Z1(Γ , A)) −→ L(Γ ), G 7→ G⊥ induces by restriction the coherent homeomorphisms
C(Z1(Γ , A)) −→ C(Γ ) and C+(Z1(Γ , A)) −→ C+(Γ ) of spectral Γ -spaces. In particular, ∆ ∈ C(Γ ) (C+(Γ ))⇐⇒
Λ ∈ C(Γ ) (C+(Γ )) for all open Λ ∈ L(Γ | ∆). Since C+(Z1(Γ , A)) = K+(Z1(Γ , A)) by [3, Corollary 2.6],
it follows that for ∆ ∈ R(Γ ), ∆ ∈ C+(Γ ) ⇐⇒ ∆⊥ ∈ K(Z1(Γ , A)). Observe that the inclusion C(Γ ) ⊆ HK(Γ )
may be strict (see Lemmas 3.3 and 3.4). Also notice that the inclusion C+(Γ ) ⊆ C(Γ ) may be strict. For instance, let
Γ = 〈σ | σ 2 = 1〉 ∼= Z/2Z acting nontrivially on A = 14Z/Z. Then H = 〈ε4〉 ∼= Z/2Z is a coGalois subgroup of
Z1(Γ , A), and hence H⊥ = {1} ∈ C(Γ ), but {1} 6∈ C+(Γ ) since {1}⊥ = Z1(Γ , A) = 〈ε′4〉 ∼= Z/4Z is not Kneser.
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Lemma 2.2. The necessary and sufficient condition for ∆ ∈ R(Γ ) to be s-coGalois is that P(Γ , A) = P(∆, A),
i.e., AΓ [p] = A∆[p] for all p ∈ P .
Proof. Assume that ∆ = ∆⊥⊥. As ∆ ∈ C+(Γ )⇐⇒ ∆⊥ ∈ C(Z1(Γ , A)), it follows by Theorem 1.3 that the RHS of
the equivalence above is equivalent to
P(Γ , A) ∩ P∆⊥ ⊆ P(∆, A).
It remains to observe that P(∆, A) ⊆ P(Γ , A) and P(Γ , A) \ P(∆, A) ⊆ P∆⊥ for all ∆ ∈ L(Γ ). 
Lemma 2.3. Let ∆ ∈ L(Γ ) and assume that there exists p ∈ P \ {2} such that (Γ : ∆) | p∞, i.e., (Γ : Λ) is a pth
power for each open Λ ∈ L(Γ | ∆). Then, the following statements are equivalent.
(1) ∆ ∈ C(Γ ).
(2) ∆ ∈ HK(Γ ).
(3) ∆ ∈ K(Γ ).
Assuming in addition that ∆ ∈ HR(Γ ), the statements (1)–(3) above are equivalent to
(4) ∆ 6⊆ ε⊥l whenever l ∈ P(Γ , A) \ {4, p}, (Γ : ε⊥l ) = pm | (l − 1),m ≥ 1, and Aε
⊥
l (p) = 1
pm−1Z/Z.
Proof. (3) H⇒ (1): Assuming that ∆ ∈ K(Γ ), let G ∈ K(Z1(Γ , A)) be such that ∆ = G⊥. Since for any
g ∈ G, ord(g) = (Γ : g⊥) is a pth power, G is a p-group. As p 6= 2, it follows by [3, Corollary 2.9] that
G ∈ C(Z1(Γ , A)), and hence ∆ = G⊥ ∈ C(Γ ) as desired.
Assuming that ∆ ∈ HR(Γ ), the equivalence (2)⇐⇒ (4) is a consequence of [6, Theorem 3.2]. 
For ∆ ∈ L(Γ ), p ∈ P, let ∆(p) denote the intersection of those open subgroups Λ ∈ L(Γ | ∆) for which (Γ : Λ)
is a pth power. Notice that, in general, (Γ : ∆(p)) 6 | p∞. For instance, take Γ = D6 ∼= Z/3Z o Z/2Z and ∆ = {1}.
Then ∆(3) = {1} has index 6 in Γ .
If ∆ C Γ , then ∆(p) C Γ and (Γ/∆)p, the maximal pro-p-quotient of Γ/∆, is a quotient of Γ/∆(p). In general,
the epimorphism Γ/∆(p) −→ (Γ/∆)p is not injective, as we can see from the example above, where Γ3 = {1}, but
Γ/∆(p) ∼= (Γ/∆)p for all p ∈ P whenever Γ/∆ is pronilpotent.
The subgroups ∆(p), p ∈ P, play a key role in the next result providing a local–global principle for coGalois
subgroups.
Theorem 2.4. Let ∆ be a closed subgroup of Γ , and let
Θ : L(Γ | ∆) −→
∏
p∈P
L(Γ | ∆(p)), Λ 7→ (〈Λ ∪∆(p)〉)p∈P.
Then, the following statements are equivalent.
(1) ∆ is coGalois.
(2) ∆(p) is coGalois for all p ∈ P and the order-preserving map Θ is a lattice isomorphism.
(3) ∆(p) is coGalois for all p ∈ P and the coherent map Θ is a homeomorphism of spectral spaces.
(4) ∆(p) is coGalois for all p ∈ P,∆ = ∩p∈P∆(p), and Γ is the unique Λ ∈ L(Γ | ∆) satisfying 〈Λ ∪∆(p)〉 = Γ
for all p ∈ P.
Proof. (1) H⇒ (2): As ∆ ∈ C(Γ ) by assumption, it follows that ∆(p) ∈ C(Γ ) for all p ∈ P, so it remains to
show that the map Θ is a lattice isomorphism. Let G be the unique coGalois subgroup of Z1(Γ , A) for which
G⊥ = ∆. As G ∈ C(Z1(Γ , A)), the canonical lattice anti-isomorphism L(G) −→ L(Γ | ∆), H 7→ H⊥
sends the finite subgroups of G(p) to the open subgroups Λ ∈ L(Γ | ∆) for which (Γ : Λ) is a pth power.
Consequently, G(p)⊥ = ∆(p) for all p ∈ P and the lattice anti-isomorphism above induces a lattice anti-isomorphism∏
p∈P L(G(p)) −→
∏
p∈P L(Γ | ∆(p)), therefore (Γ : ∆(p)) | p∞ for all p ∈ P, i.e., ∆(p) is the smallest closed
subgroup Λ ∈ L(Γ | ∆) satisfying (Γ : Λ) | p∞. To conclude that Θ is an isomorphism, it remains to apply
[3, Theorem 2.20, (1) H⇒ (2)].
(2)⇐⇒ (3) and (2) H⇒ (4) are obvious.
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(4) H⇒ (1): Assuming (4), let G p denote for each p ∈ P the unique coGalois subgroup of Z1(Γ , A) such that
∆(p) = G⊥p , and put G :=
∑
p∈P G p. As ∆ =
⋂
p∈P∆(p) by assumption, we deduce that ∆ =
⋂
p∈P G⊥p = G⊥,
therefore it suffices to show that G ∈ C(Z1(Γ , A)). According to [3, Theorem 2.20, (4) H⇒ (1)], it remains to
show that G p = G(p) for all p ∈ P. Now, since G p ∈ C(Z1(Γ , A)), the canonical lattice anti-isomorphism
L(G p) −→ L(Γ | ∆(p)), H 7→ H⊥, sends the finite p-subgroups of the torsion Abelian group G p to the open
subgroups Λ ∈ L(Γ | ∆(p)) such that (Γ : Λ) is a pth power. Thus ∆(p) = G p(p)⊥, and hence G p = G p(p),
i.e., G p is a p-group. It follows that G = ⊕p∈P G p, so G p = G(p), as desired. 
If ∆ C Γ , then, as we already noticed, ∆(p) C Γ for all p ∈ P. In this case, the lattice (topological) theoretic
condition above is replaced by a pure group theoretic one as follows.
Theorem 2.5. The following are equivalent for a closed normal subgroup ∆ of Γ .
(1) ∆ is coGalois.
(2) ∆(p) is coGalois, (Γ : ∆(p)) | p∞, i.e., Γ/∆(p) is the maximal pro-p-quotient of Γ/∆ for all p ∈ P, and the
canonical morphism of profinite groups
ξ : Γ/∆ −→
∏
p∈P
Γ/∆(p)
is an isomorphism, i.e., Γ/∆ is pronilpotent.
(3) ∆(p) is coGalois for all p ∈ P, and Γ/∆ is pronilpotent.
(4) ∆(p) is coGalois for all p ∈ P, and⋂p∈P∆(p) = ∆.
Proof. (1) H⇒ (2): Assuming that ∆ ∈ C(Γ ), let G be the unique coGalois subgroup of Z1(Γ , A) for which
∆ = G⊥. By the proof of the implication (1) H⇒ (2) of Theorem 2.4, we have ∆(p) = G(p)⊥ for all p ∈ P, so
∆(p) ∈ C(Γ ), Γ/∆(p) is the maximal pro-p-quotient of Γ/∆ for all p ∈ P, and ξ is injective. The map ξ is also
surjective, and hence an isomorphism, since
∏
p∈P Γ/∆(p) is the maximal pronilpotent quotient of Γ/∆.
(2) H⇒ (3) and (3) H⇒ (4) are trivial.
(4) H⇒ (1): Assuming (4), let G p denote for each p ∈ P the unique coGalois subgroup of Z1(Γ , A) for
which ∆(p) = G⊥p , and put G :=
∑
p∈P G p, so ∆ = G⊥. As ∆(p) C Γ , it follows by [3, Corollary 2.14] that
G p ∈ LΓ (Z1(Γ , A)) for all p ∈ P, and hence G ∈ LΓ (Z1(Γ , A)) too. Proceeding as in the proof of the implication
(4) H⇒ (1) of Theorem 2.4, we deduce that G p = G(p) for all p ∈ P, and hence G ∈ C(Z1(Γ , A)) by [3, Proposition
2.21]. Consequently, ∆ = G⊥ ∈ C(Γ ) as desired. 
Corollary 2.6. There exists the largest coGalois Γ -submodule G of Z1(Γ , A), and G⊥ is the smallest coGalois
normal subgroup of Γ .
Proof. By [3, Proposition 2.21] and/or Theorem 2.5 we are reduced to the local case, so we have only to show that for
all p ∈ P,Gp :=∑Gi ∈ C(Z1(Γ , A)), equivalently G⊥p := ⋂G⊥i ∈ C(Γ ), with Gi and G⊥i ranging over the poset
Ip of all coGalois finite Γ -submodules of Z1(Γ , A)(p) and the poset I⊥p of all coGalois open normal subgroups with
(Γ : G⊥i ) | p∞ respectively. In other words, we have to show that Gi ∈ Ip, i = 1, 2 H⇒ G1 + G2 ∈ C(Z1(Γ , A)),
so G⊥1 ∩ G⊥2 ∈ C(Γ ). Assuming that p 6= 2, we distinguish the following two cases:
(i)p: p 6∈ P(Γ , A), i.e., either A(p) = 0 or 1̂/p ∈ AΓ . As P(Γ , A)∩PZ1(Γ ,A)(p) = ∅, it follows by Theorem 1.3
that Gp = Z1(Γ , A)(p) ∈ C(Z1(Γ , A)) and G⊥p = Z1(Γ , A)(p)⊥ ∈ C(Γ ).
(ii)p: p ∈ P(Γ , A), i.e., 1̂/p ∈ A \ AΓ . Let 0 6= Gi ∈ Ip, i = 1, 2 and put G := G1 + G2. As Γ/G⊥, identified
with a subgroup of the product Γ/G⊥1 × Γ/G⊥2 of p-groups, is a p-group, and p 6 | (Γ : ε⊥p ) | (p− 1), it follows that
G⊥ 6⊆ ε⊥p , and hence G ∈ C(Z1(Γ , A)) by Theorem 1.3 since P(Γ , A) ∩ PG = {p}.
Similarly, for p = 2, we distinguish the following two cases:
(i)2: 4 6∈ P(Γ , A), i.e., either A(2) ⊆ 12Z/Z or 1̂/4 ∈ AΓ . Then, it follows as above that G2 = Z1(Γ , A)(2) ∈
C(Z1(Γ , A)) and G⊥2 = Z1(Γ , A)(2)⊥ ∈ C(Γ ).
(ii)2: 4 ∈ P(Γ , A), i.e., 1̂/4 ∈ A \ AΓ . It follows that PG = ∅ for all G ∈ I2 since otherwise, assuming
PG = {4} for some G ∈ I2, there are g ∈ G, γ ∈ Γ such that g(γ ) = 1̂/4, but G⊥ 6⊆ ε⊥4 by Theorem 1.3,
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so there exists an element τ ∈ G⊥ \ ε⊥4 . Since G⊥ C Γ by assumption, it follows that γ τγ−1 ∈ G⊥, therefore
0 = g(γ τγ−1) = (1 − τ)g(γ ) = 2 1̂/4 = 1̂/2, i.e., a contradiction. Consequently, G2 = Z1(Γ , A)[2] =
Homc(Γ , 12Z/2Z) ∼= (Γ/〈Γ 2〉)∨ and G⊥2 = Z1(Γ , A)[2]⊥ = 〈Γ 2〉. 
Remark 2.7. The next example shows that Theorems 2.4 and 2.5, and Corollary 2.6 cannot be extended to s-
coGalois subgroups. Let p, q, r ∈ P be such that q 6= r and p ≡ 1 (mod qr), and let u ∈ (Z/pZ)∗ be of
order qr . Let Γ = 〈γ | γ qr = 1〉 ∼= Z/qrZ, A = 1pqrZ/Z, with the faithful action of Γ on A given by
γ 1̂/p = u1̂/p, γ 1̂/qr = 1̂/qr . It follows that G := Hom(Γ , A) ∼= Z/qrZ is the largest coGalois subgroup of
Z1(Γ , A), so ∆ = G⊥ = ε⊥p = {1} is the smallest coGalois subgroup of Γ and C(Γ ) = L(Γ ). ∆ is not s-coGalois
since P(∆, A) = ∅ 6= {p} = P(Γ , A). On the other hand, ∆(q) = 〈γ q〉 ∼= Z/rZ,∆(r) = 〈γ r 〉 ∼= Z/qZ and
∆(s) = Γ for s ∈ P \ {q, r} are all s-coGalois.
3. A coGalois criterion for h-Kneser subgroups
To obtain an analogue of [6, Theorem 3.2] (Hereditarily Kneser Criterion) providing a coGalois criterion for h-
Kneser subgroups, we consider instead of (HR(Γ )\HK(Γ ))max the set (HK(Γ )\C(Γ ))max consisting of the maximal
elements of the posetHK(Γ ) \ C(Γ ).
The next lemma is a consequence of [6, Corollary 2.15] and [3, Corollary 2.12, Remark 2.13].
Lemma 3.1. Assume that HK(Γ ) \ C(Γ ) 6= ∅. Then, the following assertions hold.
(1) HK(Γ ) \ C(Γ ) is an open subset of the spectral spaceHK(Γ ), stable under the action of Γ by conjugation.
(2) ∆ ∈ (HK(Γ ) \ C(Γ ))max ⇐⇒ L(Γ | ∆) ∩ (HK(Γ ) \ C(Γ )) = {∆} ⇐⇒ ∆ is open, ∆ ∈ K(Γ ) \ C(Γ ), and
(L(Γ | ∆) \ {∆})min ⊆ C(Γ ).
(3) (HK(Γ ) \ C(Γ ))max 6= ∅ is stable under the action of Γ by conjugation.
(4) HK(Γ ) \ C(Γ ) = ⋃∆∈(HK(Γ )\C(Γ ))max L(∆) ∩ HK(Γ ), a union of basic open quasicompact subsets of the
spectral spaceHK(Γ ).
The desired coGalois criterion reads as follows.
Theorem 3.2 (CoGalois Criterion for h-Kneser Subgroups). The following assertions are equivalent for Λ ∈ HK(Γ ).
(1) Λ ∈ C(Γ ).
(2) Λ 6⊆ ∆ whenever ∆ ∈ (HK(Γ ) \ C(Γ ))max.
To make effective the criterion above we have to describe explicitely the set (HK(Γ ) \ C(Γ ))max. With this goal
we introduce the following types of actions (Γ , A), where Γ is finite and A ⊆ Q/Z.
(1) 14Z/Z ⊆ A and Γ ∼= ε⊥4 o Γ/ε⊥4 ∼= Z/4Z o Z/2Z, the dihedral group D8 of order 8.
(2) 18Z/Z ⊆ A and
Γ ∼= 〈σ, τ | σ 4 = 1, σ 2 = τ 2, σ τσ−1 = τ−1〉 = 〈σ, τ |στ = τ−1σ, τσ = σ−1τ 〉,
the group Q of quaternions, with the action on 18Z/Z given by σ 1̂/8 = 3̂/8, τ 1̂/8 = 1̂/8.
(3) 18Z/Z ⊆ A and Γ ∼= ε⊥4 o Γ/ε⊥4 ∼= (Z/2Z× Z/4Z)o Z/2Z has the presentation
Γ ∼= 〈σ, τ, δ|σ 2 = τ 4 = δ2 = (στ)2 = [σ, τδ] = [τ, δ] = 1〉,
with the action on 18Z/Z given by σ 1̂/8 = −1̂/8, τ 1̂/8 = 1̂/8, δ1̂/8 = 5̂/8.
(4) 1prZ/Z ⊆ A, where p ∈ P \ {2}, 2 ≤ r | (p − 1), and Γ ∼= ε⊥p o Γ/ε⊥p ∼= Z/pZ o Z/rZ has the presentation
Γ ∼= 〈σ, τ |σ r = τ p = στσ−1τ−u = 1〉,
where u ∈ (Z/prZ)∗, u mod p ∈ (Z/pZ)∗ has order r and u ≡ 1 (mod l) for l ∈ Pr , with the action on 1prZ/Z
given by σ 1̂/pr = u1̂/pr , τ 1̂/pr = 1̂/pr .
Lemma 3.3. Let (Γ , A) be an action of type (1), (2) or (4). ThenHK(Γ ) = L(Γ ) and C(Γ ) = L(Γ ) \ {{1}}.
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Proof. We have to show that ∆ := {1} ∈ K(Γ ) \ C(Γ ) and (L(Γ ) \ {∆})min ⊆ C(Γ ). We treat separately the three
cases (1), (2), (4).
(1) Choose σ, τ ∈ Γ such that Γ ∼= 〈σ, τ | σ 2 = τ 4 = (στ)2 = 1〉 with the action on A′ := 14Z/Z ⊆ A given
by σ 1̂/4 = −1̂/4, τ 1̂/4 = 1̂/4. Note that Z1(Γ , A′) = 〈ε′4〉 ⊕ 〈α〉 ∼= Z/4Z ⊕ Z/4Z, where α ∈ Z1(Γ , A′) is
defined by α(σ) = 0, α(τ) = 1̂/4. Since G := 〈ε4〉 ⊕ 〈α〉 ∼= Z/2Z ⊕ Z/4Z is a Kneser subgroup of Z1(Γ , A) and
G⊥ = ε⊥4 ∩ α⊥ = ∆, it follows that ∆ ∈ K(Γ ). However ∆ 6∈ C(Γ ) since ∆ C Γ and Λ := 〈Γ 2〉 = 〈τ 2〉 6= ∆ is
the smallest coGalois normal subgroup of the 2-group Γ by Corollary 2.6. Note that the coGalois normal subgroup
Λ ∼= Z/2Z belongs to (L(Γ ) \ {∆})min, so it remains to observe that the rest of minimal nontrivial subgroups of Γ , all
of them cyclic of order 2, namely Λ1 := 〈σ 〉, τΛ1τ−1 = 〈στ 2〉, Λ2 := 〈στ 〉, and τΛ2τ−1 = 〈τσ 〉 are coGalois too
by Theorem 1.3 since Λi = H⊥i 6⊆ ε⊥4 = 〈τ 〉, i = 1, 2, where H1 = 〈α〉 ∼= Z/4Z, and H2 = 〈α + ε′4〉 ∼= Z/4Z.
(2) Put A′ := 18Z/Z. The monomorphism
Z1(Γ , A) −→ A × A, g 7→ (g(σ ), 2g(σ )− g(τ ))
maps isomorphically Z1(Γ , A′) onto A′×4A′ ∼= Z/8Z×Z/2Z. Let h ∈ Z1(Γ , A′) be defined by h(σ ) = 1̂/8, h(τ ) =
1̂/4. ∆ ∈ K(Γ ) since ∆ = h⊥ and ord(h) = (Γ : ∆) = |Γ | = 8. It remains to observe that the smallest coGalois
normal subgroup of the 2-group Γ is Λ := 〈Γ 2〉 = 〈σ 2〉 ∼= Z/2Z, the center and the commutator subgroup of Γ , as
well as the unique member of (L(Γ ) \ {∆})min.
(4) First let us show that ∆ 6∈ C(Γ ). Assuming the contrary, let H ∈ C(Z1(Γ , A)) be such that ∆ = H⊥.
Then |H | = (Γ : ∆) = |Γ | = pr , so p ∈ PH . As p ∈ P(Γ , A) too, it follows by Theorem 1.3 that
∆ = H⊥ 6⊆ ε⊥p , which is a contradiction. On the other hand, the conditions satisfied by u ∈ (Z/prZ)∗ imply
that there is uniquely g ∈ Z1(Γ , A) with g(σ ) = 1̂/r , g(τ ) = 1̂/p, and g⊥ = ∆, therefore ∆ ∈ K(Γ ) since
ord(g) = (Γ : ∆) = |Γ | = pr . It remains to check that (L(Γ ) \ {∆})min ⊆ C(Γ ). The minimal nontrivial subgroup
ε⊥p = (pg)⊥ = 〈τ 〉 ∼= Z/pZ is coGalois since 〈pg〉 ∼= Z/rZ is a coGalois subgroup of Z1(Γ , A) by Theorem 1.3 as
P(Γ , A) ∩ Pr = ∅ by assumption. Note that ε⊥p is the smallest coGalois normal subgroup of Γ . The rest of minimal
nontrivial subgroups of Γ have the form Λi,q := τ i 〈σ r/q〉τ−i ∼= Z/qZ for i ∈ Z/pZ, q ∈ Pr . Since Λi,q = (q(τ i g))⊥
and 〈q(τ i g)〉 ∼= Z/(pr/q)Z is a coGalois subgroup of Z1(Γ , A) by Theorem 1.3, as P(Γ , A) ∩ Ppr/q = {p} by
assumption and Λi,q 6⊆ ε⊥p , it follows that Λi,q ∈ C(Γ ) as desired. 
Lemma 3.4. Let (Γ , A) be an action of type (3), and put A′ := 18Z/Z ⊆ A,Λ := [Γ ,Γ ] = 〈Γ 2〉 = 〈[σ, δ]〉 =
〈τ 2〉 ∼= Z/2Z,∆ := 〈δ〉 ∼= Z/2Z.
Then µZ1(Γ ,A)(2) = A′, C(Γ ) = L(Γ | Λ) ∼= L(Γ/Λ) ∼= L((Z/2Z)3),HK(Γ ) = K(Γ ) = HR(Γ ),HK(Γ ) \
C(Γ ) = {∆, σ∆σ−1} and R(Γ ) \HR(Γ ) = {{1}}.
Proof. From the presentation of Γ it follows that ε⊥4 = 〈δ, τ 〉 ∼= ∆× ε⊥8 ∼= Z/2Z× Z/4Z, on which Γ/ε⊥4 ∼= 〈σ 〉 ∼=
Z/2Z acts by conjugation with σ as follows: δ 7→ τ 2δ, τ 7→ τ−1, so ∆ = 〈δ〉 and σ∆σ−1 = 〈τ 2δ〉 are the two
conjugates of ∆. One checks that τ 2 ∈ Z1(Γ , A)(p)⊥ for p ∈ P \ {2} and the monomorphism
Z1(Γ , A) −→ A3, g 7→ (g(σ ), g(δ), 2g(σ )+ g(τ ))
maps isomorphically Z1(Γ , A)(2) onto A′×4A′×4A′ ∼= Z/8Z×Z/2Z×Z/2Z, in particular, µZ1(Γ ,A)(2) = A′ and
{1} = Z1(Γ , A)⊥ ∈ R(Γ ) \ K(Γ ) by [3, Theorem 1.20] since 〈ε′4〉 = 2Z1(Γ , A′) =
⋂{U ∈ L(Z1(Γ , A)) | |U | =
|Γ | = 16}.
As Λ = 〈Γ 2〉 = 〈τ 2〉 is the smallest coGalois normal subgroup of the 2-group Γ , we obtain L(Γ | Λ) ⊆ C(Γ ), so
it remains to analyse the subgroups Θ 6= {1} satisfying τ 2 6∈ Θ , i.e., either Θ ∈ {∆, σ∆σ−1} or Θ = 〈σρ〉 ∼= Z/2Z
with ρ ∈ ε⊥4 . Thus we have to show that ∆ ∈ HK(Γ ) \ C(Γ ) and 〈σρ〉 6∈ R(Γ ) for ρ ∈ ε⊥4 .
Let h ∈ Z1(Γ , A) be defined by h(σ ) = 1̂/8, h(τ ) = 1̂/4, h(δ) = 0. As ∆ = h⊥ and (Γ : ∆) = ord(h) = 8,
it follows that ∆ ∈ K(Γ ). Since the normal subgroup 〈δ, τ 2〉 ∼= Z/2Z × Z/2Z, the smallest subgroup of Γ properly
containing ∆, is coGalois, we deduce that ∆ ∈ HK(Γ ). However, ∆ 6∈ C(Γ ) by Theorem 1.3, since ∆ ⊆ ε⊥4 and the
unique subgroup of Z1(Γ , A) of exponent 2 and order 8 is Z1(Γ , A)[2], while ∆ 6= Λ = Z1(Γ , A)[2]⊥.
Finally, setting Θ = 〈σρ〉 with ρ ∈ ε⊥4 , we obtain Θ⊥⊥ = (Θ⊥(2))⊥ = 〈σρ, τ 2〉 6= Θ , and hence Θ 6∈ R(Γ ) as
required. 
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Proposition 3.5. For ∆ ∈ L(Γ ), put ∆˜ := ⋂γ∈Γ γ∆γ−1, the core of ∆, Γ˜ := Γ/∆˜, and A˜ = A∆˜. Then the
following statements are equivalent.
(i) ∆ ∈ (HK(Γ ) \ C(Γ ))max.
(ii) The induced action (Γ˜ , A˜) is of type (1), (2) or (4) whenever ∆ = ∆˜ C Γ , while (Γ˜ , A˜) is of type (3) and
∆/∆˜ ∈ {〈δ〉, 〈τ 2δ〉} whenever ∆ 6C Γ .
Proof. (ii) H⇒ (i) by Lemmas 3.3 and 3.4.
(i) H⇒ (ii): As ∆ is an open subgroup of Γ , we may assume without loss that ∆˜ = {1}, so Γ = Γ˜ is finite.
As ∆ ∈ K(Γ ) \ C(Γ ) by assumption, ∆ = G⊥ for some G ∈ K(Z1(Γ , A)) \ C(Z1(Γ , A)). By [3, Corollary 2.8,
(2)], there exists a minimal non-coGalois subgroup H of G. Assuming that H 6∼= Z/4Z, it follows by [3, Lemma
2.17] that H⊥ C Γ and the action (Γ/H⊥, µH ) is of type D8 or Dpr (see [3, Definition 2.16]). In other words,
the action (Γ/H⊥, AH⊥) is of type (1) or (4), in particular, H⊥ 6∈ C(Γ ) by Lemma 3.3. Since ∆ ⊆ H⊥ and
L(Γ | ∆) \ {∆} ⊆ C(Γ ) we deduce that ∆ = H⊥ = {1} and the action (Γ , A) is of type (1) or (4). Thus it remains
to consider the case when each minimal non-coGalois subgroup of G is cyclic of order 4 for all G ∈ K(Z1(Γ , A))
satisfying ∆ = G⊥.
First note that any such G is a 2-group since otherwise, writing G = G(2) ⊕ G(2′) with G(2′) 6= 0, it follows
that G(2)⊥ ∈ L(Γ | ∆) \ {∆}, so G(2)⊥ ∈ C(Γ ) with 4 | |G(2)| = (Γ : G(2)⊥) | 2∞, and hence we may replace
G(2) by the unique coGalois 2-subgroup G ′ of Z1(Γ , A) satisfying G ′⊥ = G(2)⊥. The new group G˜ := G ′ ⊕ G(2′)
satisfying G˜⊥ = ∆ is Kneser by [3, Corollary 1.16] but it contains no minimal non-coGalois 2-subgroup, contrary to
our assumption.
Thus we are reduced to the case when 1̂/4 ∈ A \ AΓ ,G has exponent 2n, n ≥ 2, and 2g = ε4 for all g ∈ G of
order 4. Choose h ∈ G of maximal order 2n and represent the 2-torsion part of G as a direct sum G[2] = G ′ ⊕ 〈ε4〉.
As 2g = ε4 for all g ∈ G of order 4, it follows by induction on n that G = H ⊕ G ′, where H = 〈h〉 ∼= Z/2nZ. We
claim that G = H .
Assuming the contrary, it follows that H⊥ ∈ L(Γ | ∆) \ {∆} ⊆ C(Γ ), so H⊥ = H ′⊥ for a unique H ′ ∈
C(Z1(Γ , A)). Since |H ′| = |H | = 2n and H ′ ⊥ = H⊥ ⊆ ε⊥4 , it follows by Theorem 1.3 that H ′ ∼= (Z/2Z)n , therefore
H ′+G ′ is an elementary 2-group too, and hence coGalois. Thus∆ = H⊥∩G ′⊥ = H ′⊥∩G ′⊥ = (H ′+G ′)⊥ ∈ C(Γ ),
contrary to our assumption. This proves the claim that G = H .
Thus we are reduced to the case when ∆ = G⊥ with G ∈ K(Z1(Γ , A)) \ C(Z1(Γ , A)) of the form G = 〈h〉 ∼=
Z/2nZ. Note that n ≥ 3 since otherwise ∆ C Γ and Γ/∆ ∼= ε⊥4 /∆ × Γ/ε⊥4 ∼= Z/2Z × Z/2Z by [3, Lemma
2.17], and hence ∆ ∈ C(Γ ), which is a contradiction. As G ∈ K(Z1(Γ , A)), it follows that (Λ : ∆) = 2,
where Λ := (2G)⊥ = (2h)⊥ ∈ C(Γ ). Since Λ ⊆ (2n−1G)⊥ = ε⊥4 , it follows by Theorem 1.3 that Λ C Γ
and Γ/Λ ∼= (Z/2Z)n−1, in particular 〈Γ 2〉 ⊆ Λ. Consider the induced action of Γ on 12nZ/Z ⊆ A, and let
u : Γ → (Z/2nZ)∗, γ 7→ uγ , be the canonical morphism defined by γ a = uγ a for all a ∈ 12nZ/Z. Put
∆′ := Ker (u) = ε⊥2n , so ∆ ∩ ∆′ = ∆˜ = {1}. As G = 〈h〉 ∈ K(Z1(Γ , A)), the cocycle h : Γ → 12nZ/Z is
onto. Choose an element τ ∈ Γ such that h(τ ) = 1̂/2n−1. On the other hand, since 2n−1h = ε4, it follows that
τ ∈ ε⊥4 , therefore uτ ≡ 1 (mod 4). As τ 2 ∈ Λ = (2h)⊥, we obtain 0 = 2h(τ 2) = 2(1 + uτ )1̂/2n−1, and hence
2n−1|4, i.e., n = 3. Thus (ε⊥4 : Λ) = 2 and ∆′ = ε⊥8 , so (ε⊥4 : ∆′)|2. We distinguish the following three cases:
(a)∆′ = ε⊥4 . Consequently,∆ = {1}, and hence the cocycle h : Γ → 18Z/Z is bijective. Let σ ∈ Γ \∆′, τ ∈ ∆′, be
the elements of Γ uniquely determined by the conditions h(σ ) = 1̂/8, h(τ ) = 1̂/4. As h|∆′ is a monomorphism, the
element τ is of order 4. Since σ 6∈ ∆′, it follows that either uσ ≡ −1 (mod 8) or uσ ≡ 3 (mod 8). In the former case,
we obtain h(σ 2) = (1+uσ )1̂/8 = 0, i.e., ord(σ ) = 2, while in the latter case we obtain h(σ 2) = 41̂/8 = 1̂/2 = h(τ 2),
i.e., σ 2 = τ 2, so ord(σ ) = 4. In the both cases we obtain h(στ) = 1̂/8 + uσ 1̂/4 = 1̂/8 − 1̂/4 = h(τ−1σ),
i.e., στσ−1 = τ−1. Consequently, Γ ∼= 〈σ, τ |σ 2 = τ 4 = (στ)2 = 1〉 ∼= D8 if uσ ≡ −1 (mod 8), while
Γ ∼= 〈σ, τ |σ 4 = τ 4 = 1, σ 2 = τ 2 = (στ)2〉 = 〈σ, τ |στ = τ−1σ, τσ = σ−1τ 〉 ∼= Q if uσ ≡ 3 (mod 8).
Thus the action (Γ , A) is of type (1) in the former case and of type (2) in the latter one.
(b) ∆′ = Λ. As ∆ ⊆ Λ, it follows as in the case (a) that ∆ = {1} and h : Γ → 18Z/Z is a bijection. Let
σ ∈ Γ \ ε⊥4 , τ ∈ ε⊥4 be the elements of Γ uniquely determined by the conditions h(σ ) = 1̂/8, h(τ ) = 1̂/4. As
τ ∈ ε⊥4 \Λ = ε⊥4 \∆′, we deduce that uτ ≡ 5 (mod 8), ε⊥4 = 〈τ 〉 ∼= Z/4Z, and h|ε⊥4 : ε
⊥
4 → 14Z/Z is an isomorphism.
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Since σ 6∈ ε⊥4 , either uσ ≡ −1 (mod 8) or uσ ≡ 3 (mod 8). We may assume without loss that uσ ≡ −1 (mod 8) for
otherwise we can replace h by−h, σ by στ and τ by τ−1. As h(σ 2) = 0 and h(στ) = −1̂/8 = h(τσ ), it follows that
Γ = 〈σ, τ 〉 ∼= Z/2Z× Z/4Z, therefore Λ = 〈Γ 2〉 = 〈τ 2〉 ∼= Z/2Z is the smallest coGalois subgroup of the Abelian
2-group Γ , contrary to the assumption C(Γ ) = L(Γ ) \ {{1}}. Consequently, the case (b) cannot occur.
(c) ∆′ 6= ε⊥4 and ∆′ 6= Λ. First note that ∆ 6⊆ ∆′. Indeed, assuming the contrary, we obtain ∆ = ∆ ∩∆′ = {1},
and hence Λ ∩ ∆′ = ∆ = {1} since Λ/Λ ∩ ∆′ ∼= ε⊥4 /∆′ ∼= Z/2Z and (Λ : ∆) = 2. Consequently,
ε⊥4 ∼= ε⊥4 /Λ× ε⊥4 /∆′ ∼= Z/2Z× Z/2Z, contrary to the fact that h|ε⊥4 : ε
⊥
4 −→ 14Z/Z is an epimorphism.
Thus∆ ∼= Λ/Λ∩∆′ ∼= ε⊥4 /∆′ ∼= Z/2Z, and |Γ | = 16. Denote by δ the generator of∆ ∼= Z/2Z. Since δ ∈ ε⊥4 \∆′,
it follows that uδ ≡ 5 (mod 8). As the cocycle h : Γ −→ 18Z/Z is onto, we may choose σ ∈ Γ \ ε⊥4 , τ ∈ ε⊥4 such
that h(σ ) = 1̂/8, h(τ ) = 1̂/4. We may assume that τ ∈ ∆′, i.e., uτ ≡ 1 (mod 8), for otherwise we may replace τ
by τδ. Obviously τ 2 ∈ Λ ∩ ∆′, but τ 2 6∈ ∆ since h(τ 2) = 1̂/2 6= 0. As τ 4 ∈ ∆ ∩ ∆′ = {1}, the order of τ is 4.
Notice that Λ ∩ ∆′ = 〈τ 2〉 ∼= Z/2Z, and Λ = 〈δ, τ 2〉 ∼= Z/2Z × Z/2Z. As [τ, δ] ∈ ∆ ∩ ∆′ = {1}, it follows that
ε⊥4 = 〈τ, δ〉 ∼= Z/4Z × Z/2Z. On the other hand, as σ 6∈ ε⊥4 , either uσ ≡ −1 (mod 8) or uσ ≡ 3 (mod 8). We
may assume without loss that we are in the former case, for otherwise we may replace h by −h, σ by στ and τ by
τ−1. Since h(σ 2) = 0, we obtain σ 2 ∈ ∆ ∩ ∆′ = {1}, i.e., ord(σ ) = 2. Similarly, it follows that στδ = τδσ and
(στ)2 = 1, and hence the action (Γ , A) is of type (3) as desired. 
4. A strongly coGalois criterion for coGalois subgroups
The next lemma describes the maximal coGalois subgroups which are not s-coGalois.
Lemma 4.1. The set (C(Γ ) \ C+(Γ ))max consists of those open subgroups ∆ of Γ which satisfy the following
conditions.
(1) 1r Z/Z ⊆ A∆, where r := (Γ : ∆), and P(Γ , A) ∩ Pr = ∅.
(2) P(Γ , A) \ P(∆, A) 6= ∅ and ∆ = ε⊥p for all p ∈ P(Γ , A) \ P(∆, A).
In particular, ∆ C Γ and Γ/∆ is cyclic for all ∆ ∈ (C(Γ ) \ C+(Γ ))max.
Proof. First we are going to show that every open subgroup∆ ⊆ Γ satisfying conditions (1) and (2) above is coGalois
and L(Γ | ∆) ∩ C+(Γ ) = L(Γ | ∆) \ {∆}. By Lemma 2.2, ∆ 6∈ C+(Γ ) since P(∆, A) 6= P(Γ , A) by assumption.
To show that ∆ ∈ C(Γ ), let p ∈ P(Γ , A) \ P(∆, A), so ∆ = ε⊥p C Γ and Γ/∆ ∼= Z/rZ, with r = 2 for p = 4
and 2 ≤ r | (p − 1) for p 6= 4. If p = 4 then ∆ = ε⊥4 is obviously coGalois and L(Γ | ∆) = {∆,Γ }, so we may
assume from the beginning that p ∈ P\{2}, ∆ = {1},Γ = 〈γ 〉 ∼= Z/rZ and 1prZ/Z ⊆ A. Let u ∈ (Z/prZ)∗ be such
that γ a = ua for all a ∈ 1prZ/Z. By assumption, the order of u mod p ∈ (Z/pZ)∗ is r and u ≡ 1 (mod l) for all
l ∈ Pr . It follows that the correspondence γ 7→ 1̂/r extends to a bijective 1-cocycle g : Γ −→ 1r Z/Z. Consequently,
∆ ∈ C(Γ ) since {1} = ∆ = G⊥ with G := 〈g〉 ∼= Z/rZ a coGalois subgroup of Z1(Γ , A). By (2) we obtain
P(Λ, A) = P(Γ , A) for all Λ ∈ L(Γ ),Λ 6= {1}, therefore, by Lemma 2.2, any such Λ is s-coGalois as required.
Conversely, assume that ∆ ∈ (C(Γ ) \ C+(Γ ))max. Since ∆ 6∈ C+(Γ ), it follows by Lemma 2.2 that X :=
P(Γ , A) \ P(∆, A) 6= ∅. On the other hand, since L(Γ | ∆) \ {∆} ⊆ C+(Γ ) and for all p ∈ X,∆ ⊆ ε⊥p and
ε⊥p 6∈ C+(Γ ) by Lemma 2.2, it follows that ∆ = ε⊥p for all p ∈ X . Choose such an element p. If p = 4, we have
nothing to prove, so we may assume that p ∈ P \ {2}. Since ∆ = ε⊥p ∈ C(Γ ) and Γ/∆ is cyclic, it follows that
there exists g ∈ Z1(Γ | ∆, A∆) of order r := (Γ : ε⊥p ) | (p − 1) such that ∆ = g⊥, therefore 1r Z/Z ⊆ A∆ as
required. Assuming that there exists l ∈ P(Γ , A) ∩ Pr , it follows that l ∈ X , and hence ∆ = ε⊥l . Consequently,
l | r = (Γ : ε⊥l ) < l, i.e., a contradiction. Thus P(Γ , A) ∩ Pr = ∅ as desired. 
The following s-coGalois criterion for coGalois subgroups is immediate from Lemma 4.1.
Theorem 4.2. The following assertions are equivalent for Λ ∈ C(Γ ).
(1) Λ ∈ C+(Γ ).
(2) Λ 6⊆ ∆ whenever ∆ is an open normal subgroup of Γ satisfying conditions (1) and (2) from Lemma 4.1.
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Corollary 4.3. The following statements are equivalent.
(1) C+(Γ ) = {Γ }.
(2) (C(Γ ) \ {Γ })max = {ε⊥p | p ∈ P(Γ , A), rp := (Γ : ε⊥p ) ∈ P, AΓ (rp) 6= 0}.
5. CoGalois and strongly coGalois actions
In this section we define the coGalois and the strongly coGalois actions, we study their basic properties and we
provide a complete classification of them.
Definition 5.1. A pair (Γ , A) consisting of a profinite group Γ acting continuously on a discrete quasicyclic group
A ⊆ Q/Z is called a coGalois (strongly coGalois) action if {1} is a coGalois (s-coGalois) subgroup of Γ and
µZ1(Γ ,A) = A.
Note that the condition µZ1(Γ ,A) = A is a normalization condition. Note also that Z1(Γ , A)⊥ = {1}, and hence
Γ is an extension of the profinite Abelian group Γ/B1(Γ , A)⊥, identified with a closed subgroup of (A∨)∗, by the
profinite Abelian group B1(Γ , A)⊥, so Γ is metabelian. By Theorem 2.5, Γ is also pronilpotent. To any pair (Γ , A)
consisting of a profinite group Γ and a discrete Γ -module A ⊆ Q/Z one assigns by Corollary 2.6 the coGalois action
(Γ/G⊥, µG⊥⊥), where G is the largest coGalois Γ -submodule of Z1(Γ , A).
By Lemma 2.2, (Γ , A) is strongly coGalois⇐⇒ P(Γ , A) = ∅, Z1(Γ , A)⊥ = {1}, and µZ1(Γ ,A) = A.
The simplest examples of strongly coGalois actions are those for which Γ acts trivially on A. In this case,
Z1(Γ , A) = Homc(Γ , A) = Homc(Γ ,Q/Z), and hence, as ⋂g∈Homc(Γ ,Q/Z) Ker g = Z1(Γ , A)⊥ = {1},Γ ∼=
Z1(Γ , A)∨ is Abelian and A is the union of those subgroups (1/n)Z/Z ⊆ Q/Z for which Z/nZ is a quotient of Γ .
The next lemma reduces the study of coGalois actions to the study of strongly coGalois actions.
Lemma 5.2. Let (Γ , A) be a coGalois action and let G be the unique coGalois subgroup of Z := Z1(Γ , A) such
that G⊥ = {1}. Then the following assertions hold.
(1) The induced action (Γ , µG) is strongly coGalois.
(2) A(p) ⊆ Aε⊥p ,Z(p) ∼= Z1(Γ/ε⊥p , A(p)) ∼= A(p), H1(Γ , A(p)) = 0 and Γ/Z(p)⊥ = Γ/ε⊥p ∼= Z/rpZ ∼=
G ∩ ε⊥⊥p with 1 < rp | (p − 1), rp ∈ OG for p ∈ P(Γ , A) \ {4}.
(3) A(2) ⊆ Aε⊥4 , (γ + 1)A(2) = 0 for γ ∈ Γ \ ε⊥4 , Z1(Γ/ε⊥4 ∼= Z/2Z, A(2)) ∼= A(2) and G(2) = Z[2],Z(2) =
Z[2] + Z1(Γ | ε⊥4 , A(2)),Z[2] ∩ Z1(Γ | ε⊥4 , A(2)) = 〈ε4〉 ∼= Z/2Z whenever 4 ∈ P(Γ , A).
(4) A = µG + A′′, where A′′ :=∑p∈P(Γ ,A) A(p) if 4 6∈ P(Γ , A) while
A′′ :=
 ∑
26=p∈P(Γ ,A)
A(p)
⊕ A(2) if 4 ∈ P(Γ , A), and
µG ∩ A′′ =
{{0} if 4 6∈ P(Γ , A)
1
2
Z/Z if 4 ∈ P(Γ , A).
(5) The coGalois action (Γ , A) is completely determined by the induced strongly coGalois action (Γ , µG) and the
induced continuous action of Γ on A′′.
Proof. (1) Since G ∈ C(Z) and G⊥ = {1}, we obtain G = Z1(Γ , µG) by [3, Theorem 2.11]. Note also that
G is the largest coGalois subgroup of Z , so G is Γ -invariant and C(Z) = L(G). Let p ∈ P(Γ , A). Since
G ∈ C(Z) and G⊥ = {1} ⊆ ε⊥p it follows by Theorem 1.3 that p 6∈ PG and hence G(p) = 0 for p 6= 4 and
G(2) = Z[2] = Homc(Γ , 12Z/Z) ∼= (Γ/〈Γ 2〉)∨ for p = 4. As the lattices L(Γ ) and L(G) are canonically index-
preserving anti-isomorphic, we have Γ/ε⊥p ∼= Z/rpZ ∼= G∩ε⊥⊥p with 1 < rp | (p−1), rp ∈ OG if p ∈ P(Γ , A)\{4}
and G(2)⊥ = 〈Γ 2〉,G ∩ 〈Γ 2〉⊥ = G(2) if 4 ∈ P(Γ , A).
(2) Assume that 4 6= p ∈ P(Γ , A). As Z(p)⊥ ⊆ B1(Γ , A(p))⊥ ⊆ ε⊥p , it suffices to show that h⊥ = ε⊥p for
all 0 6= h ∈ Z(p). Let 0 6= h ∈ Z(p), so h 6∈ G, in particular, 〈h〉 6∈ C(Z) and hence h⊥ ⊆ ε⊥p by Theorem 1.3,
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i.e., h⊥ = h′⊥, where h′ := h|ε⊥p . On the other hand, p 6 | |G ∩ h⊥⊥| = (Γ : h⊥) since the lattices L(G) and L(Γ ) are
canonically index-preserving anti-isomorphic, while 〈h′〉 ∈ C(Z1(ε⊥p , A)) by Theorem 1.3, therefore (ε⊥p : h⊥) =
ord(h′)|g.c.d.(ord(h), (Γ : h⊥)) = 1. Thus h′ = 0 and hence h⊥ = ε⊥p as required.
(3) Assume that 4 ∈ P(Γ , A), in particular, ε4 ∈ G(2) = Z[2], 2 6 | |G(2)⊥| and Γ/G(2)⊥ = Γ/〈Γ 2〉 ∼= (Z/2Z)κ ,
where κ := dimF2(G(2)). First let us show that Z(2) = G(2) + Z1(Γ | ε⊥4 , A(2)), in particular, Z(2)⊥ = G(2)⊥.
Let h ∈ Z(2) \G(2), so ord(h) = 2n, n ≥ 2, and h⊥ ⊆ ε⊥4 , therefore h⊥ = h′⊥, where h′ := h|ε⊥4 . By Theorem 1.3 it
follows that the cyclic group 〈h′〉 of order 2n′ , n′ ≤ n, is a coGalois subgroup of Z1(ε⊥4 , A(2)), so (ε⊥4 : h⊥) = 2n
′
and
the lattice L(ε⊥4 | h⊥) is a chain. As (Γ : h⊥) = (Γ : ε⊥4 )(ε⊥4 : h⊥) = 2n
′+1, we deduce that G(2)⊥ ⊆ h⊥ and n′ ∈
{0, 1}, therefore either h⊥ = ε⊥4 , so h ∈ Z1(Γ | ε⊥4 , A(2)), or Γ/h⊥ ∼= Z/2Z×Z/2Z and h⊥ = 〈ε4, g〉⊥ = ε⊥4 ∩ g⊥
for some g ∈ G(2)\{0, ε4}, so either (h+g)⊥ = ε⊥4 or (h+g+ε4)⊥ = ε⊥4 , and hence h ∈ G(2)+ Z1(Γ | ε⊥4 , A(2))
as desired. The rest of the statement (3) is a consequence of the equality above and of the assumption µZ(2) = A(2).
Note also that B1(Γ , A(2)) = 2Z(2) = 2Z1(Γ | ε⊥4 , A(2)) = B1(Γ | ε⊥4 , A(2)) ∼= 2A(2), therefore, assuming that
κ <∞, we obtain
dimF2(H
1(Γ , A(2))) =
{
κ if A(2) 6= Q2/Z2
κ − 1 if A(2) = Q2/Z2.
The assertions (4) and (5) are now immediate. 
Denote by C+ACT the category having as objects the strongly coGalois actions, with the morphisms (Γ , A) −→
(Γ ′, A′) for A′ ⊆ A consisting of the epimorphisms ψ : Γ → Γ ′ satisfying the compatibility condition:
ψ(γ )a′ = γ a′ for all γ ∈ Γ , a′ ∈ A′. If either A′ 6⊆ A or there is no compatible epimorphism from Γ to Γ ′,
then we take HomC+ACT((Γ , A), (Γ ′, A′)) = ∅.
Notice that the morphisms of C+ACT are epimorphisms, and the trivial action e := ({1}, {0}) is the final object
of C+ACT. As we have seen above, the category of profinite Abelian groups (with epimorphisms as morphisms) is
naturally identified with a full subcategory of C+ACT. For any p ∈ P, let C+ACTp denote the full subcategory of
C+ACT consisting of those strongly coGalois actions (Γ , A) with A = A(p), so Γ is a metabelian pro-p-group. The
next statement describes the category C+ACT as the product category of its full subcategories C+ACTp, p ∈ P.
Theorem 5.3. The following statements hold.
(1) For any p ∈ P, C+ACTp is a reflective subcategory of C+ACT, i.e., the inclusion functor C+ACTp ↪→ C+ACT
has a left adjoint −(p) : C+ACT −→ C+ACTp assigning to any strongly coGalois action (Γ , A) the induced
strongly coGalois p-primary action (Γ , A)(p).
(2) The canonical functor C+ACT −→∏p∈P C+ACTp is an equivalence of categories.
(3) Any strongly coGalois action is isomorphic to the direct product in the category C+ACT of its induced p-primary
actions.
Proof. Assuming that (Γ , A) is a strongly coGalois action, put G := Z1(Γ , A). By Theorem 2.5, Γ is pronilpotent
with the Sylow p-subgroup
Γ (p) :=
(∑
l 6=p
G(l)
)⊥
=
⋂
l 6=p
G(l)⊥ ∼= Γ/G(p)⊥, p ∈ P.
As for any p ∈ P,G(p) is a coGalois Γ -invariant subgroup of Z1(Γ , A) = G and µG(p) = A(p) by the
normalization condition, it follows by [3, Corollary 2.15] that G(p) = Z1(Γ (p) ∼= Γ/G(p)⊥, A(p) = AG(p)⊥)
and
∑
l 6=p A(l) ⊆ AΓ (p). Consequently, the action (Γ , A)(p) := (Γ (p), A(p)), called the induced p-primary action,
is an object of C+ACTp for all p ∈ P, and (Γ , A) ∼= ∏p∈P(Γ , A)(p) is the direct product in C+ACT of its induced
p-primary actions.
Now, for each p ∈ P, let (Λp, Bp) be an object of C+ACTp. Set Γ = ∏p∈P Λp and A = ⊕p∈P Bp, with the
induced continuous action of Γ on A, with Λp acting trivially on Bl for l 6= p. It follows easily from definitions that
(Γ , A) ∈ C+ACT and (Γ , A)(p) ∼= (Λp, Bp) for all p ∈ P.
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A reformulation of the facts above in category theoretic terms, as well as the explicit verifications are
straightforward, and therefore are left to the reader. 
Thus, the global problem of classifying up to isomorphism the strongly coGalois actions is reduced to the local
one: classify the isomorphism types of the objects of the subcategories C+ACTp, p ∈ P.
Theorem 5.4. Fix a prime number p, and let (Γ , A) be an object of the category C+ACTp. Let pn, n ∈ N ∪ {∞},
denote the exponent of A ⊆ Qp/Zp, with n = ∞ if A = Qp/Zp. We denote by ∆ the Abelian pro-p-group
B1(Γ , A)⊥, the kernel of the action of Γ on A. Then, the following statements hold.
(1) If Γ acts trivially on A, then the pro-p-group Γ = ∆ is Abelian and its dual Γ∨ = Homc(Γ , A) =
Homc(Γ ,Qp/Zp) has exponent pn . The action (Γ , A) is determined up to isomorphism by the isomorphism
type of the Abelian pro-p-group Γ .
(2) If Γ acts nontrivially on A and n 6= ∞, then Γ has exponent pn and there exist l ∈ N, δ ∈ ∆ and u ∈ (Z/pnZ)∗
such that 1 ≤ l < n for p 6= 2 and 2 ≤ l < n for p = 2, ord(δ) = pl , u ≡ 1 (mod pl), u 6≡ 1 (mod pl+1), Γ
admits the following presentation in the category of pro-p-groups
Γ ∼= 〈∆, σ | σ pn−l = δ, στσ−1 = τ u ∀τ ∈ ∆〉,
and σa = ua for all a ∈ A. The action (Γ , A) is determined up to isomorphism by the isomorphism type of the
pair (∆,∆′) consisting of the Abelian pro-p-group ∆ of exponent dividing pn and containing an element δ of
order pl , and its closed subgroup ∆′ generated by ∆pn−l ∪ {δ}.
Γ is Abelian if and only if exp(∆) = pl , while Γ is isomorphic to the semidirect product of Γ/∆ ∼= Z/pn−lZ
by ∆ if and only if ∆′ = ∆pn−l , and then exp(∆) = pn .
(3) If Γ acts nontrivially on A and n = ∞, so A = Qp/Zp, then there exist l ∈ N, with l ≥ 1 for p 6= 2, l ≥ 2
for p = 2, and u ∈ (1+ plZp) \ (1+ pl+1Zp) such that Γ admits the following presentation in the category of
pro-p-groups
Γ ∼= ∆ou Zp ∼= 〈∆, σ |στσ−1 = τ u ∀τ ∈ ∆〉,
and σa = ua for all a ∈ A. The action (Γ , A) is determined up to isomorphism by the natural number l and the
isomorphism type of the Abelian pro-p-group ∆. Γ is Abelian if and only if exp(∆) | pl .
In particular, the up to isomorphism countably many objects (Γ , A) 6= e of C+ACTp for which the action of Γ on
A is faithful are the actions
ρl : Zp ×Qp/Zp −→ Qp/Zp, (α, a) 7→ uαa
with u ∈ (1+ plZp) \ (1+ pl+1Zp), l ≥ 1 for p 6= 2 and l ≥ 2 for p = 2.
Proof. For (Γ , A) in C+ACTp, set G = Z1(Γ , A).
(1) For Γ acting trivially on A, we have already seen that the pro-p-group Γ is Abelian, and G = Γ∨, so it remains
nothing to prove.
Assume that the action of Γ on A is nontrivial, so ∆ 6= Γ and AΓ := 1
pl
Z/Z with l < n. On the other hand, l ≥ 1
for p 6= 2 and l ≥ 2 for p = 2 since A[p] ⊆ AΓ for p 6= 2 and A[4] ⊆ AΓ for p = 2 by hypothesis. For any γ ∈ Γ ,
let uγ ∈ (A∨)∗ be the unit satisfying γ a = uγ a for all a ∈ A. Thus ∆ is the kernel of the continuous morphism
Γ −→ (A∨)∗, γ 7→ uγ , whose image consists of those units u satisfying u ≡ 1 (mod pl). By [12, Ch. II, Proposition
8], we obtain
Γ/∆ ∼=
{
Z/pn−lZ if n 6= ∞
Zp if n = ∞.
On the other hand, since G⊥ = {1} by hypothesis, it follows that the pro-p-group ∆ = B1(Γ , A)⊥ is Abelian.
It remains to treat separately the cases n 6= ∞ and n = ∞.
(2) Assume n 6= ∞. For u ∈ (Z/pnZ)∗ satisfying u ≡ 1 (mod pl) and 0 ≤ i ≤ n, put u(i) :=∑pi−1j=0 u j ∈ Z/pnZ,
and note that u(i) ≡ 0 (mod pi ), and u(i) 6≡ 0 (mod pi+1) for i < n. As G⊥ = {1} and µG = A = 1pnZ/Z by
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hypothesis, and
g(γ p
i
) =
pi−1∑
j=0
γ jg(γ ) = (uγ )(i)g(γ ) for all g ∈ G, γ ∈ Γ , 0 ≤ i ≤ n,
it follows that exp(Γ ) = pn and g(γ ) ∈ 1
pi
Z/Z for all g ∈ G whenever ord(γ ) | pi , i ≤ n. Moreover there exists
σ ∈ Γ of order pn such that σ∆ is a generator of the cyclic group Γ/∆ ∼= Z/pn−lZ, in particular, σ pn−l ∈ ∆
has order pl . Indeed, let σ ∈ Γ be such that σ∆ is a generator of Γ/∆, and assume that ord(σ ) = pk < pn , so
g(σ i ) ∈ 1
pk
Z/Z for all g ∈ G, i ∈ Z. On the other hand, as µG = 1pnZ/Z, there exist h ∈ G, τ ∈ ∆, i ∈ Z such that
h(τσ i ) = h(τ ) + h(σ i ) = 1̂/pn , and hence ord(τ ) = ord(h(τ )) = pn . Consequently, τσ∆ = σ∆ is a generator of
Γ/∆ and ord(τσ ) = pn as contended.
Choosing such an element σ ∈ Γ , and setting δ := σ pn−l ∈ ∆, u := uσ , we obtain u ≡ 1 (mod pl), u 6≡
1 (mod pl+1), and the required presentation for Γ , since AΓ = Aσ = 1
pl
Z/Z, G⊥ = {1} and g(στσ−1) = σg(τ ) =
ug(τ ) = g(τ u) for all g ∈ G, τ ∈ ∆. Obviously, the isomorphism type of (Γ , A) does not depend on the choice of the
element σ as above, and hence (Γ , A) is determined up to isomorphism by the Abelian pro-p-group ∆ of exponent
pk, l ≤ k ≤ n, and its closed subgroup ∆′ generated by ∆pn−l ∪ {δ}, since for all τ ∈ ∆, i ∈ Z/pn−lZ, we obtain
(τσ i )p
n−l =
pn−l−1∏
j=0
σ i jτσ−i j
 σ i pn−l = τ (ui )(n−l)δi ∈ ∆′.
Notice that Γ is Abelian⇐⇒ for all τ ∈ ∆, τ = στσ−1 = τ u , i.e., exp(∆) | pl . As δ ∈ ∆ has order pl , it follows
that the necessary and sufficient condition for Γ to be Abelian is that exp(∆) = pl .
On the other hand, the extension
1→ ∆→ Γ → Γ/∆ ∼= Z/pn−lZ→ 1
splits⇐⇒ there exists τ ∈ ∆ such that (τσ )pn−l = τ u(n−l)δ = 1, i.e., ∆′ = ∆pn−l , in particular, exp(∆) = pn .
Conversely, given n, l ∈ N, l < n, l ≥ 1 for p 6= 2 and l ≥ 2 for p = 2 respectively, an Abelian pro-
p-group ∆ of exponent pk, l ≤ k ≤ n, an element δ ∈ ∆ of order pl , and a unit u ∈ (Z/pnZ)∗ such that
u ≡ 1 (mod pl), u 6≡ 1 (mod pl+1), the pro-p-group Γ and its action on A = 1pnZ/Z as defined above provide
a strongly co-Galois action. Indeed, setting G = Z1(Γ , A), we have only to verify that G⊥ = {1} and µG = A.
Obviously, each cocycle g ∈ G is completely determined by g(σ ) and the restriction g|∆ ∈ ∆∨ = Homc(∆, 1pk Z/Z)
subject to the condition g(σ p
n−l
) = u(n−l)g(σ ) = g(δ). To check that µG = A = (1/pn)Z/Z, choose h ∈ ∆∨
satisfying
h(δ) = u(n−l)1̂/pn ∈ 1pl Z/Z \
1
pl−1
Z/Z;
such a continuous morphism h exists by the Pontryagin duality. Setting h˜(σ ) = 1̂/pn and h˜|∆ = h, we obtain a
cocycle h˜ of order pn as desired. To check that G⊥ = {1}, i.e., for any γ ∈ Γ \ {1}, g(γ ) 6= 0 for some g ∈ G,
we may assume by the fact above that γ = τσ i 6∈ 〈σ 〉, τ ∈ ∆, i ∈ Z, i.e., (〈τ 〉 : 〈τ 〉 ∩ 〈δ〉) = ps, s ≥ 1. By the
Pontryagin duality, the morphism 〈τ, δ〉 −→ A, τ 7→ 1̂/ps, δ 7→ 0 extends to a continuous morphism g ∈ ∆∨, so it
remains to note that the pair (g˜(σ ) = 0, g˜|∆ = g) yields a cocycle g˜ satisfying g˜(γ ) = 1̂/ps 6= 0, as required.
(3) Assume n = ∞. It suffices to note that the exact sequence in the category of pro-p-groups
1→ ∆→ Γ → Γ/∆→ 1
splits since Γ/∆ ∼= Zp is the free pro-p-group of rank 1.
Conversely, given l ≥ 1 for p 6= 2 and l ≥ 2 for p = 2 respectively, an Abelian pro-p-group ∆ and a unit
u ∈ (1 + plZp) \ (1 + pl+1Zp), the induced action of the pro-p-group Γ = 〈∆ ∪ {σ }〉 ∼= ∆ou Zp on A = Qp/Zp
is obviously strongly coGalois since the morphism Z1(Γ , A)→ A ×∆∨, g 7→ (g(σ ), g|∆) is an isomorphism.
The last part of the statement is now immediate. 
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Remark 5.5. Let (Γ , A) be a strongly coGalois action. Then G := Z1(Γ , A) is the largest coGalois subgroup of
Z1(Γ , A), and the map L(Γ ) −→ L(G),∆ 7→ ∆⊥ is a lattice anti-isomorphism; in other words, the metabelian
pronilpotent group Γ and the torsion Abelian group G are lattice-anti-isomorphic. Consequently, Γ and the Abelian
profinite group G∨ = Hom(G, A) = Hom(G,Q/Z), the Pontryagin dual of the torsion Abelian group G, are
lattice-isomorphic. More precisely, the lattice isomorphism L(Γ ) −→ L(G∨) is induced by the canonical bijective
continuous cocycle η : Γ −→ G∨ sending any element γ ∈ Γ to the morphism η(γ ) : G −→ A defined by
η(γ )(g) = g(γ ). Recall that the continuous action of Γ on G∨ is induced by the action of Γ on the discrete quasicyclic
group A ⊆ Q/Z : γψ := χ(γ )ψ for γ ∈ Γ , ψ ∈ G∨, where χ : Γ −→ (A∨)∗ is the cyclotomic character defining
the continuous action of Γ on A. Note that each closed subgroup of G∨ is Γ -invariant with respect to the action above.
Thus the maps
L(Γ ) −→ L(G∨), ∆ 7→ η(∆) = Ker (G∨ −→ (∆⊥)∨)
and
L(G∨) −→ L(Γ ), H 7→ Ker (ηH : Γ −→ G∨/H) = (Ker (G −→ H∨))⊥
are lattice isomorphisms, inverse to one another. They induce index-preserving isomorphisms between the
corresponding sublattices of open subgroups, and also isomorphisms between the sublattice of all closed (open)
normal subgroups of Γ and the sublattice of all closed (open) subgroups of G∨ which are stable under the
action Γ × G∨ −→ G∨, (γ, ψ) 7→γ ψ , defined by (γψ)(g) := χ(γ )ψ(γ−1g) for g ∈ G, where (σ g)(τ ) :=
χ(σ)g(σ−1τσ ) = g(τ ) + (χ(τ) − 1)g(σ ) for g ∈ G, σ, τ ∈ Γ . Notice that η(γ σγ−1)=γ η(σ ) for γ, σ ∈ Γ .
By Theorem 5.3, the maps above induce by restriction isomorphisms between the lattices L(Γ (p) ∼= Γ/G(p)⊥) and
L(G∨(p) ∼= G(p)∨) for all p ∈ P.
If Γ acts trivially on A then the canonical bijective cocycle η : Γ −→ G∨ is an isomorphism. If Γ is Abelian and
its action on A is nontrivial, then we will see later that the Abelian profinite groups Γ and G∨ are still isomorphic,
though in this case the bijective cocycle η cannot be an isomorphism. Moreover, in general, we can eliminate the
restriction for the pronilpotent group Γ to be Abelian by replacing it with a natural Abelian substitute which turns out
to be isomorphic to G∨.
Let (Γ , A) be a fixed strongly coGalois action, and let∆ denote the kernel of the action of Γ on A. By Theorems 5.3
and 5.4, the quotient Γ/∆ is a procyclic group. Choose an element σ ∈ Γ such that σ∆ topologically generates
Γ/∆, and let Λσ = 〈σ 〉 be the closed subgroup of Γ topologically generated by σ . The continuous surjective map
∆ × Λσ −→ Γ , (τ, λ) 7→ τλ induces a homeomorphism ϕσ : Γσ −→ Γ , where Γσ denotes the quotient of the
Abelian profinite group ∆ × Λσ by the closed subgroup {(τ, τ−1) | τ ∈ ∆ ∩ Λσ } ∼= ∆ ∩ Λσ . Notice that ϕσ is an
isomorphism of profinite groups if and only if Γ is Abelian.
Proposition 5.6. Let (Γ , A) be a strongly coGalois action, and let σ ∈ Γ be such that σ∆ topologically generates the
procyclic group Γ/∆. Then, with the notation above, the profinite Abelian groups Z1(Γ , A)∨ and Γσ are isomorphic.
In particular, Z1(Γ , A)∨ ∼= Γ whenever the profinite group Γ is Abelian.
Proof. By Theorem 5.3 we are reduced to the local case, so we may assume without loss that the action (Γ , A) is
p-primary for some prime number p. We may also assume that the action is nontrivial, i.e., ∆ 6= Γ , since otherwise
we have nothing to prove. By the Pontryagin duality, we have to show that the torsion Abelian groups G := Z1(Γ , A)
and Γ∨σ = Homc(Γσ , A) are isomorphic. According to Theorem 5.4, we distinguish the following two cases:
(i) A = Qp/Zp, AΓ = 1pl Z/Z, where l ≥ 1 for p 6= 2 and l ≥ 2 for p = 2 respectively. The pro-p-group
Γ admits the following presentation in the category of pro-p-groups in terms of the Abelian pro-p-group ∆ and the
given element σ ∈ Γ for which σ∆ topologically generates Γ/∆ ∼= Zp
Γ ∼= ∆ou Zp ∼= 〈∆, σ | στσ−1 = τ u ∀τ ∈ ∆〉,
where u ∈ (1+ plZp) \ (1+ pl+1Zp), and σa = ua for all a ∈ A.
The map φ : G −→ ∆∨ × A, g 7→ (g|∆, g(σ )) is an isomorphism. On the other hand, Γσ = ∆× Λσ ∼= ∆× Zp,
and hence Γ∨σ ∼= ∆∨ ×Qp/Zp ∼= G, as desired.
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(ii) A = 1pnZ/Z, AΓ = 1pl Z/Z with 1 ≤ l < n for p 6= 2 and 2 ≤ l < n for p = 2 respectively. The Abelian
pro-p-group ∆ has exponent pk , where l ≤ k ≤ n, and Γ admits the following presentation in the category of
pro-p-groups in terms of ∆ and the given element σ ∈ Γ for which σ∆ generates the cyclic group Γ/∆ ∼= Z/pn−lZ
Γ ∼= 〈∆, σ | σ pn−l = δ, στσ−1 = τ u ∀τ ∈ ∆〉,
where δ ∈ ∆ such that the coset δ∆pn−l contains an element of order pl , and u ∈ (Z/pnZ)∗ such that u ≡
1 (mod pl), u 6≡ 1 (mod pl+1), and σa = ua for all a ∈ A.
The map φ : G → ∆∨ × A, g 7→ (g|∆, g(σ )) is a monomorphism whose image consists of those pairs
(h, a) ∈ ∆∨ × A satisfying h(δ) = Na, where N =∑pn−l−1i=0 ui .
On the other hand, let 0 ≤ m ≤ l be such that the element δ ∈ ∆ has order pm , so Λσ = 〈σ 〉 ∼= Z/pn−l+mZ, and
∆ ∩ Λσ = 〈δ〉 ∼= Z/pmZ. Consequently, (∆× Λσ )∨ ∼= ∆∨ × 1pn−l+m Z/Z ⊆ ∆∨ × A, and Γ∨σ is identified with the
subgroup consisting of those pairs (h, a) ∈ ∆∨ × A satisfying h(δ) = pn−la, so it remains to show that φ(G) ∼= Γ∨σ .
Since the endomorphisms of the cyclic group A ∼= Z/pnZ, a 7→ pn−la and a 7→ Na, have the same image
AΓ = 1
pl
Z/Z, there exists θ ∈ (Z/pnZ)∗, uniquely determined (mod pl), such that Na = pn−lθa for all a ∈ A.
Consequently, the automorphism (h, a) 7→ (h, θa) of the Abelian group∆∨× A of exponent pn maps isomorphically
φ(G) onto Γ∨σ as required.
Notice that θ ≡ 1 (mod pl) for p 6= 2 and θ ≡ 1 + 2l−1 (mod 2l) for p = 2 respectively, according to the next
lemma. 
Lemma 5.7. For p ∈ P, let u ∈ (1 + plZp) \ (1 + pl+1Zp), where l ≥ 1 for p 6= 2 and l ≥ 2 for p = 2. Put
θk = p−k∑pk−1i=0 ui ∈ Z∗p for 0 6= k ∈ N. Then θk ≡ 1 (mod pl) for p 6= 2, and θk ≡ 1+ 2l−1 (mod 2l) for p = 2.
Proof. Setting u = 1+ plx , where x ∈ Z∗p, we obtain
θk − 1 = p−k
pk∑
i=2
(
pk
i
)
pl(i−1)x i−1,
for p 6= 2, and
θk − 1− 2l−1 = 2l(2k−1x − 2−1(x + 1))+ 2−k
2k∑
i=3
(
2k
i
)
2l(i−1)x i−1,
for p = 2 respectively.
We now treat separately the cases p 6= 2 and p = 2.
(i) p 6= 2: To conclude that vp(θk − 1) ≥ l, it suffices to show that
vp
((
pk
i
))
≥ k + 2− i, i = 2, . . . , pk .
As vp(
∏i
j=1(pk − i + j)) ≥ k, i = 2, . . . , pk , it remains to check that vp(i !) ≤ i − 2. Considering the p-adic
expansion i = ∑rj=0 a j p j , 0 ≤ a j ≤ p − 1, of the natural number i , and setting X = { j | a j 6= 0}, we obtain
vp(i !) = (p − 1)−1∑rj=0 a j (p j − 1) ≤ ∑ j∈X (p j − 1) ≤ i − |X |, so it remains to consider the case |X | = 1,
i.e., i = apr , 1 ≤ a ≤ p − 1. The case r = 0 is trivial since i ≥ 2 by assumption. Assuming r ≥ 1, we obtain
(i − 2− vp(i !))(p − 1) = (apr − 2)(p − 1)− a(pr − 1) ≥ 2(apr − 2)− a(pr − 1) = (apr − 3)+ (a − 1) ≥ 0, as
required.
(ii) p = 2: To conclude that v2(θk − 1− 2l−1) ≥ l, it suffices to show that
v2
((
2k
i
))
> k + 1− i, i = 3, . . . , 2k, k ≥ 2.
As v2(
∏i
j=1(2k − i + j)) ≥ k + 1, i = 3, . . . , 2k, k ≥ 2, it remains to verify that v2(i !) ≤ i . Considering the 2-adic
expansion i = ∑rj=0 a j2 j , a j ∈ {0, 1}, of the natural number i , it follows that v2(i !) = ∑rj=0 a j (2 j − 1) < i , as
desired. 
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Remark 5.8. With a minor modification, Proposition 5.6 holds also for coGalois actions (Γ , A), not necessarily
strongly coGalois. It suffices to replace Z1(Γ , A) by the unique coGalois subgroup G = Z1(Γ , µG) ⊆ Z1(Γ , A)
satisfying G⊥ = {1} and apply Proposition 5.6 to the induced strongly coGalois action (Γ , µG) in order to obtain
the required isomorphism G∨ ∼= Γσ . Finally note the fact that G∨ and Γ are isomorphic whenever Γ is Abelian
can be also deduced from the index-preserving lattice isomorphism L(Γ ) ∼= L(G∨) induced by the cocycle η and
[4, condition (7), p. 4], [2, Theorem 3.1].
6. Two examples
Fix l ∈ P \ {2}, q = l f , f ≥ 1. For any n ∈ N, l 6 | n, we denote by rn | φ(n) the order of q mod n ∈ (Z/nZ)∗.
Put νp := vp(qrp − 1) ∈ N≥1 for p ∈ P \ Pl(q−1) and ν2 := v2(q2 − 1) = v2(q + 1)+ 1 ∈ N≥3 for q ≡ 3 (mod 4).
Let Xr := {p ∈ P \ {l} | rp = r} = Pqr−1 \ ∪s∈Pr Pq rs −1 for any r ∈ N≥1. The finite set Xr is nonempty whenever
(q, r) 6= (3, 1) by [9, Theorem V], and 4 ∈ Xr ⇐⇒ either q ≡ 1 (mod 4) and r = 1 or q ≡ 3 (mod 4) and r = 2.
Put T := {p ∈ P \ Pl(q−1)|Prp ⊆ Pq−1}, and note that T = ∅ for q = 3, while T is infinite for q > 3.
Set A := (Q/Z) (l ′) =⊕p∈P\{l}Qp/Zp,
A′ :=

⊕
p|(q−1)
Qp/Zp if q ≡ 1 (mod 4)⊕
p| q−12
Qp/Zp
⊕ 1
2
Z/Z if q ≡ 3 (mod 4),
and A′′ := D+∑p∈T 1pνp Z/Z, with D = 0 for q ≡ 1 (mod 4) and D = 12ν2 Z/Z for q ≡ 3 (mod 4), so A′ ∩ A′′ = 0
for q ≡ 1 (mod 4) and A′ ∩ A′′ = 12Z/Z for q ≡ 3 (mod 4) respectively.
Example 6.1. Assume that the profinite group Γ is free of rank 1 with topological generator γ . Consider the
faithful action of Γ on A given by γ a = qa for all a ∈ A. The torsion Abelian group Z1(Γ , A) = B1(Γ , A)
is identified with the quasicyclic group A through the isomorphism Z1(Γ , A) −→ A, g 7→ g(γ ). The morphism
A −→ A, a 7→ (q − 1)a is onto with kernel AΓ = 1q−1Z/Z, and P(Γ , A) = P \ Pl(q−1). It follows that
R(Γ ) = HR(Γ ) = L(Γ ) since for each n ∈ N≥1, Γ n = ε⊥qn−1. Moreover, for n ≥ 2, Γ n = ε⊥p , where p ∈ P(Γ , A)
ranges over the nonempty finite set Xn . Consequently, ∆ = ⋂p∈P(Γ ,A)\P(∆,A) ε⊥p for all ∆ ∈ L(Γ ), in particular,
C+(Γ ) = {Γ } by Lemma 2.2.
Since Γ is procyclic and Z1(Γ , A) ∼= A is quasicyclic, we obtain K(Z1(Γ , A)) = C(Z1(Γ , A)) and K(Γ ) =
HK(Γ ) = C(Γ ). It follows by Theorem 1.3 that the largest Kneser and also coGalois subgroup G of Z1(Γ , A) ∼= A
is identified with the subgroup A′ ⊆ A. Consequently, the smallest Kneser (h-Kneser, coGalois) subgroup G⊥ ⊆ Γ
is the kernel of the projection Γ ∼= Ẑ −→ ∏p|(q−1) Zp for q ≡ 1 (mod 4) and of the projection Γ ∼= Ẑ −→
(
∏
p| q−12 Zp) × Z/2Z for q ≡ 3 (mod 4) respectively. Thus G
⊥ is open ⇐⇒ (Γ : G⊥) = 2 ⇐⇒ q = 3. As
C+(Γ ) = {Γ }, it follows that (C(Γ )\C+(Γ ))max consists of the finitely many proper maximal subgroups Γ r of prime
index r | (q − 1), with Γ r = ε⊥p for p ranging over the nonempty finite set Xr .
The coGalois action associated to (Γ , A) is (Γ/G⊥, µG⊥⊥ = AG⊥ = A′ + A′′), while the induced strongly
coGalois action is (Γ/G⊥ ∼= A′∨, µG = A′).
Example 6.2. Assume that the profinite group Γ is free of rank 2 with generators σ, τ , and consider its action on the
discrete quasicyclic group A defined by σa = qa, τa = a for all a ∈ A. It follows that T := B1(Γ , A)⊥, the kernel
of the action, is the closed normal subgroup generated by τ, AΓ = 1q−1Z/Z,Z := Z1(Γ , A) is identified to A ⊕ A
through the isomorphism g 7→ (g(σ ), g(τ )), and Z := Z1(Γ , A)⊥ C T is the closed normal subgroup of Γ generated
by στσ−1τ−q . Consequently, the quotient Γ˜ := Γ/Z has the presentation in the category of profinite groups
Γ˜ = 〈˜σ , τ˜ | σ˜ τ˜ σ˜−1 = τ˜ q〉,
and Γ˜ ∼= T˜o Γ˜/T˜, with T˜ = T/Z ∼= A∨ ∼=∏p 6=l Zp, Γ˜/T˜ ∼= Γ/T ∼= Ẑ.
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The action of Γ˜ on Z is defined by (σ˜ g)(˜σ ) = qg(˜σ ), (σ˜ g)(˜τ ) = g(˜τ ), (τ˜ g)(˜σ ) = g(˜σ )+ (q − 1)g(˜τ ), (τ˜ g)(˜τ ) =
g(˜τ ) for g ∈ Z .
As in Example 6.1 we have HR(Γ˜ ) = R(Γ˜ ) = L(Γ˜ ). It suffices to show that each open subgroup ∆ ⊆ Γ˜ is
radical. Since any such subgroup ∆ has the form ∆ = 〈˜τm, τ˜ i σ˜ n〉 with m, n ∈ N \ {0}, l 6 | m, 0 ≤ i ≤ m − 1, and
∆ = 〈˜τm〉o 〈˜τ i σ˜ n〉 =
{
τ˜ a σ˜ b | a, b ∈ Z, b ≡ 0 (mod n), a ≡ i(q
b − 1)
qn − 1 (mod m)
}
,
it follows that∆ = G⊥, withG = 〈εqn−1, iεm(qn−1)−ψm〉 ⊆ Z , where the cocycleψm , form ∈ N≥1, l 6 |m, is defined
by ψm (˜σ ) = 0, ψm (˜τ ) = 1̂/m. However, by contrast with Example 6.1, the landscape in this case is much
more diverse. First note that the inclusions C(Z) ⊆ K(Z) and C(Γ˜ ) ⊆ HK(Γ˜ ) are strict. The nonempty sets
(K(Z)\C(Z))min and (HK(Γ˜ )\C(Γ˜ ))max can be described explicitely using [3, Lemma 2.17] and Proposition 3.5. For
each p ∈ T , let K p ∼= Z/prpZ be the subgroup ofZ generated by the cocycle kp := ε(q−1)rp+ψp. The Γ˜ -orbit of K p
is {K p,i :=τ˜ i K p = 〈kp + iεp〉|i ∈ Z/pZ}, the stabilizer of K p = K p,0 is 〈˜σ , τ˜ p〉, and Kp := K⊥p,i = 〈˜σ rp , τ˜ p〉 C Γ˜
for all i ∈ Z/pZ, with Γ˜/Kp = ε⊥p /Kp o Γ˜/ε⊥p ∼= Z/pZoq Z/rpZ. For q ≡ 3 (mod 4), let K4 := 〈ε8 + ψ2〉 ∼=
Z/4Z, K8 := 〈ε4, ψ4〉 ∼= Z/2Z⊕ Z/4Z and K ′8 := 〈ε4, ε8 + ψ4〉 ∼= Z/2Z⊕ Z/4Z. By [3, Lemma 2.17] we obtain
(K(Z) \ C(Z))min =
{{K p,i | p ∈ T, i ∈ Z/pZ} if q ≡ 1 (mod 4)
{K p,i | p ∈ T, i ∈ Z/pZ} ∪ {K4, K8, K ′8} if q ≡ 3 (mod 4).
Thus (K(Z) \ C(Z))min is finite⇐⇒ (K(Z) \ C(Z))min = {K4, K8, K ′8} ⇐⇒ q = 3.
By Proposition 3.5 it follows that the maximal h-Kneser non-coGalois subgroups of Γ˜ are the open normal
subgroups Kp for p ∈ T , the open normal subgroup
K8 := K⊥8 = K ′⊥8 = 〈˜σ 2, τ˜ 4〉, with Γ˜/K8 ∼= Z/4Z o Z/2Z ∼= D8, for q ≡ 3 (mod 4)
and the open normal subgroup
Q := 〈˜σ 2τ˜ 2, τ˜ 4〉, with Γ˜/Q ∼= Q, for q ≡ 3 (mod 8).
Thus (HK(Γ˜ )\C(Γ˜ ))max is finite⇐⇒ (HK(Γ˜ )\C(Γ˜ ))max = {K8,Q} ⇐⇒ q = 3. Note that for q ≡ 3 (mod 8) there
are only two Kneser non-coGalois subgroups Qi ⊆ Z, i ∈ Z/2Z, with Q⊥i = Q, namely Qi = 〈ε16 + (−1)iψ4〉 ∼=
Z/8Z, so Q0 ∩ Q1 = K4. For q ≡ 7 (mod 8), the open normal subgroup Q, with Γ˜/Q ∼= Q, is not Kneser, but
L(Γ˜ | Q) \ {Q} ⊆ C(Γ˜ ). Moreover any member of the family of generalized quaternion groups
Qm := 〈σ, τ | σ 4 = 1, σ 2 = τ 2m−2 , σ τσ−1 = τ−1〉,m ≥ 3,
of order 2m , with Q3 = Q, can occur for a suitable q as a quotient of Γ˜ by a maximal non-h-Kneser open normal
subgroup. More precisely, it follows by [6, Lemma 3.1] that the set (L(Γ˜ ) \HK(Γ˜ ))max is the union of the following
three families of open subgroups of Γ˜ :
(i) Mr := 〈˜σ r , τ˜ 〉 C Γ˜ , with Γ˜/Mr ∼= Z/rZ, for all r ∈ P \ Pq−1. Note that Mr = ε⊥p for p ranging over the
nonempty finite set Xr .
(ii) Bp,k,i := 〈˜σ prp , σ˜ rp τ˜ pk−1+q i 〉 = σ˜ iBp,k,0σ˜−i for p ∈ T, 1 ≤ k ≤ νp, i ∈ Z/rpZ. Note that NΓ˜ (Bp,k,i ) =
ε⊥p = (εpνp rp )⊥ = 〈˜σ rp , τ˜ 〉, ε⊥p /Bp,k,i ∼= Z/pkZ,Bp,k :=
⋂
i∈Z/rpZBp,k,i = (εpνp+1rp )⊥ ∩ Bp,k,0 =
〈˜σ prp , τ˜ pk 〉, and Γ˜/Bp,k ∼= Z/pk Zoq Z/prpZ.
(iii) Qm := 〈˜σ 4, σ˜ 2τ˜ 2m−2〉 C Γ˜ , with Γ˜/Qm ∼= Qm , for q ≡ 3 (mod 4), 2 ≤ m < ν2; for m = 2, Q2 ∼= Z/4Z. Note
that Qm = g⊥m , where gm (˜σ ) = 1̂/2ν2 , gm (˜τ ) = 1̂/2m−1.
By Lemma 4.1, the set (C(Γ˜ ) \ C+(Γ˜ ))max is finite consisting of the maximal proper open normal subgroups
Mr := 〈˜σ r , τ˜ 〉 = ε⊥p , with Γ˜/Mr ∼= Z/rZ, for r ∈ Pq−1 and p ranging over the nonempty finite set Xr . In particular,
C+(Γ˜ ) ∩ L(Γ˜ | T˜) = {Γ˜ }. By Lemma 2.2, we deduce that the set C+(Γ˜ )min of the minimal s-coGalois subgroups
of Γ˜ consists of the closed subgroups 〈˜τ ισ˜ 〉 ∼= Ẑ for ι ranging over ∏p 6=l Zp. Thus C+(Γ˜ )min is the disjoint union
of the conjugacy classes of the q − 1 closed subgroups 〈˜τ i σ˜ 〉, i = 0, 1, . . . , q − 2, while the minimal s-coGalois
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normal subgroups are the q − 1 open normal subgroups Ni := 〈˜τ i σ˜ 〉n = 〈˜τ q−1, τ˜ i σ˜ 〉, i = 0, 1, . . . , q − 2, with
N⊥i = {g ∈ Hom(Γ˜ , AΓ˜ = 1q−1Z/Z)|g(˜σ ) = −ig(˜τ )} ∼= Z/(q−1)Z ∼= Γ˜/Ni . Note that Hom(Γ˜ , AΓ˜ ) = N⊥i ⊕N⊥j
for i 6≡ j (mod (q − 1)), Hom(Γ˜ , AΓ˜ )⊥ = ∩0≤i≤q−2Ni = 〈˜τ q−1, σ˜ q−1〉 ∈ C(Γ˜ ) \ C+(Γ˜ ), and Hom(Γ˜ , AΓ˜ )⊥⊥ =
〈εqq−1−1, ψq−1〉 6∈ K(Z1(Γ , A)).
Let us describe the setK(Z)max of the maximal Kneser subgroups of Z and the setK(Γ˜ )min of the minimal Kneser
subgroups of Γ˜ . Let G ∈ K(Z)max, i.e., by [3, Corollary 1.16], G(p) ∈ K(Z(p))max for all p ∈ P. By [3, Theorem
1.20], it follows that G(p) = Z(p) ∼= (Qp/Zp) ⊕ (Qp/Zp) for p | q−12 ,G(p) ∼= Qp/Zp is a direct summand of
Z(p) ∩ τ˜⊥ = {g ∈ Z(p)|g(˜τ ) = 0} ∼= Qp/Zp for p 6 | l(q − 1), and G(2) ⊆ Z(2) is maximal with the property
that G(2) ∩ τ˜⊥ = 〈ε4〉 ∼= Z/2Z for q ≡ 3 (mod 4). Consequently, there exists uniquely ξ = (ξp)p∈S ∈ ẐS , where
S := P\P l(q−1)
2
, such that G(p) = {g ∈ Z(p) | 2g(˜σ ) = ξpg(˜τ )} for all p ∈ S. Note that for q ≡ 3 (mod 4), the map
G(2) −→ Q2/Z2, g 7→ g(˜τ ) induces an isomorphismG(2)/〈ε4〉 ∼= Q2/Z2, andG(2) ∼= Q2/Z2 if ξ2 ∈ 1+2Z2 = Z∗2,
while G(2) ∼= Q2/Z2 ⊕ Z/2Z if ξ2 ∈ 2Z2. The induced map ξ = (ξp)p∈S 7→ Gξ is a homeomorphism from the
profinite space ẐS onto the closed subspace K(Z)max of the underlying profinite space of the spectral space L(Z).
Note that G0 = {g ∈ Z | g(˜σ ) ∈ A′} ∼= A′ ⊕ A. The action of Γ˜ on Z induces an action on K(Z)max, identified with
ẐS , given by σ˜ ξ = qξ, τ˜ ξ = ξ + 2(q − 1).
For q ≡ 1 (mod 4), the action is transitive and the stabilizer of G0 is the closed subgroup 〈˜σ , τ˜ 1−λS 〉 of infinite
index
∏
p∈S p∞ in Γ˜ , the normalizer of G⊥0 = 〈˜σ λS∪{l}〉 ⊆ 〈˜σ 〉, with 〈˜σ 〉/G⊥0 ∼=
∏
p|(q−1) Zp. Thus K(Γ˜ )min is the
conjugacy class of G⊥0 . Using the above description of the set (L(Γ˜ ) \ HK(Γ˜ ))max, it follows by [6, Theorem 3.2]
that G⊥0 and all its conjugates are h-Kneser, and henceHK(Γ˜ ) = K(Γ˜ ) is the Γ˜ -orbit of the sublattice L(Γ˜ | G⊥0 ).
For q ≡ 3 (mod 4), the action is not transitive. There are three Γ˜ -orbits of K(Z)max, identified with ẐS ,
corresponding to the partition of Z2 = 4Z2 unionsq Z∗2 unionsq (2Z2 \ 4Z2). Choosing as representatives the elements 0, ξ and
ξ ′ ∈ ẐS respectively, where ξp = ξ ′p = 0 for p ∈ S\{2}, ξ2 = −1, ξ ′2 = −2, we obtain G0(p) = Gξ (p) = Gξ ′(p) for
p 6= 2, G⊥0 = 〈˜σ 2λS∪{l}〉, NΓ˜ (G⊥0 ) = 〈˜σ , τ˜ 1−λS 〉,G⊥ξ = 〈˜τ
q+1
2 λ{2} σ˜ 2λS∪{l}〉, NΓ˜ (G⊥ξ ) = 〈˜τ
q+1
2 λ{2} σ˜ 2, τ˜ 1−λS 〉,G⊥
ξ ′ =
〈˜τ (q+1)λ{2} σ˜ 2λS∪{l}〉, NΓ˜ (G⊥ξ ′) = 〈˜τ (q+1)λ{2} σ˜ 2, τ˜ 1−λS 〉. Using the description of the set (L(Γ˜ )\HK(Γ˜ ))max, it follows
by [6, Theorem 3.2] that the subgroups G⊥0 ,G⊥ξ ,G⊥ξ ′ and their conjugates are h-Kneser, and hence HK(Γ˜ ) = K(Γ˜ )
is the union of the Γ˜ -orbits of the sublattices L(Γ˜ | G⊥0 ),L(Γ˜ | G⊥ξ ) and L(Γ˜ | G⊥ξ ′).
Now let us describe the set C(Z)max of the maximal coGalois subgroups of Z and the set C(Γ˜ )min of the minimal
coGalois subgroups of Γ˜ . Let H ∈ C(Z)max. Acting conveniently with an element of Γ˜ , we may assume without
loss that H ⊆ G0 for q ≡ 1 (mod 4), while for q ≡ 3 (mod 4), H(p) ⊆ G0 for p 6= 2 and either H(2) ⊆ G0 or
H(2) ⊆ Gξ ′ . Indeed, for q ≡ 3 (mod 4) we obtain C(Gξ ) ⊆ C(G0) ∩ C(Gξ ′) since G0(p) = Gξ (p) = Gξ ′(p) for
p 6= 2 and Z/4Z ∼= K4 ⊆ Gξ (2) ∼= Q2/Z2, so Gξ [2] = K4[2] = 〈ε4〉 ∼= Z/2Z, contained in C := G0(2)∩Gξ ′(2) =
Z[2] ∼= Z/2Z ⊕ Z/2Z, is the largest coGalois subgroup of Gξ (2). Denote by C the set of all maximal coGalois
subgroups of Z satisfying the assumption above, so C(Z)max = {γ H | H ∈ C, γ ∈ Γ˜ }. By [3, Theorem 2.19], the
description of the set (K(Z) \ C(Z))min and the fact that for q ≡ 3 (mod 4), K4 ∩ G0 = K4 ∩ Gξ ′ = 〈ε4〉 6= K4 and
K8 ∈ L(γG0) \ L(γGξ ′), K ′8 ∈ L(γGξ ′) \ L(γG0) for all γ ∈ Γ˜ , it follows that H ∈ C if and only if H is maximal
with the property that K p 6⊆ H for all p ∈ T , and for q ≡ 3 (mod 4), either H(2) ⊆ G0 and for all γ ∈ Γ˜ such that
γ H(2) ⊆ G0, γ H(2) ∈ {U ∈ L(G0(2)) | K8 6⊆ U }max or H(2) ⊆ Gξ ′ and for all γ ∈ Γ˜ such that γ H(2) ⊆ Gξ ′ ,
γ H(2) ∈ {U ∈ L(Gξ ′(2)) | K ′8 6⊆ U }max.
Note that for q ≡ 3 (mod 4),C = K8 ∩ K ′8 is the unique maximal coGalois subgroup of Z(2) containing
ε4 as well as the largest coGalois Γ˜ -submodule of Z(2). Moreover C(G0(2))max ∩ C(γGξ ′(2))max = {C} for all
γ ∈ Γ˜ , C(G0(2))max \ {C} = {C j | j ∈ N≥2 ∪ {∞}} and C(Gξ ′(2))max \ {C} = {C ′j | j ∈ N≥2 ∪ {∞}}, where
C j = 〈c j 〉 ∼= Z/2 jZ,C ′j = 〈c′j 〉 ∼= Z/2 jZ, j ∈ N≥2, with c j (˜σ ) = 1̂/2, c′j (˜σ ) = 1̂/2 − 1̂/2 j , c j (˜τ ) = c′j (˜τ ) =
1̂/2 j ,C∞ = Z(2) ∩ σ˜⊥ ∼= Q2/Z2 and C ′∞ = Z(2) ∩ (˜τ σ˜ )⊥ ∼= Q2/Z2. Since τ˜ 2
j−2
C j ( C∞ and τ˜
2 j−2
C ′j ( C ′∞ for
all j ∈ N≥2, it follows that H(2) ∈ {C,C∞,C ′∞} whenever H ∈ C and q ≡ 3 (mod 4). The subgroups C∞ and C ′∞
have distinct Γ˜ -orbits with stabilizers 〈˜τ 1−λ{2} , σ˜ 〉 and 〈˜τ 1−λ{2} , τ˜ σ˜ 〉 respectively.
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For any H ∈ C, let B :=∑p|(q−1) 1pβp Z/Z ⊆ A′ be the image of the monomorphism H ∩ τ˜⊥ −→ A′, h 7→ h(˜σ ).
B is an invariant of the Γ˜ -orbit of H since γ H ∩ τ˜⊥ = H ∩ τ˜⊥ for all γ ∈ Γ˜ . Put W := {p ∈ T | 1̂/rp ∈ B},
V := {p ∈ P q−1
2
| βp 6= ∞}, and n := ∏p∈V pβp . Note that β2 ∈ {0, 1} for q ≡ 3 (mod 4) and qn−1n(q−1) ∈ Z∗p for
p ∈ V . It follows that H(p) = G0(p) ∼= Qp/Zp for 2 6= p ∈ S \ W, H(p) = 0 for p ∈ W ∪ {l}, H(p) ⊆ G0(p) =
Z(p) ∼= (Qp/Zp)⊕(Qp/Zp) is maximal with the property that H(p)∩τ˜⊥ ∼= B(p) = 1pβp Z/Z for p |
q−1
2 , and either
H(2) ∈ {C∞,C ′∞} for q ≡ 3 (mod 4), β2 = 0 or H(2) = C for q ≡ 3 (mod 4), β2 = 1. Consequently, for p | q−12 ,
we obtain H(p) = Z(p) if βp = ∞, while for βp 6= ∞, the morphism H(p) −→ Qp/Zp, h 7→ h(˜τ ) is onto, and
hence there exists an unique ιp ∈ Zp = λ{p}Ẑ such that H(p) = {h ∈ Z(p) | h(˜τ ιp σ˜ n) = ιph(˜τ )+ qn−1q−1 h(˜σ ) = 0}.
It follows that H⊥ = ∩p∈P H(p)⊥ = 〈˜τm, τ˜ iσ˜n〉, where n := λS∪{l} + nλV + n′λ{2}, m := λW + mλ{2},
i :=∑p∈V ιp + iλ{2} with
n′ :=
{
0 if q ≡ 1 (mod 4)
β2 if q ≡ 3 (mod 4)
m :=
{
0 if q ≡ 1 (mod 4) or H(2) ∈ {C∞,C ′∞}
2 if q ≡ 3 (mod 4) and H(2) = C
i :=
{
0 if q ≡ 1 (mod 4) or H(2) ∈ {C,C∞}
1 if q ≡ 3 (mod 4) and H(2) = C ′∞.
Thus H = Z1(Γ˜ | H⊥, µH ) and
µH (p) =

0 if p ∈ W ∪ {l}
1
2
Z/Z if p = 2, q ≡ 3 (mod 4), H(2) = C
Qp/Zp otherwise.
As the canonical map C −→ Γ˜ \ C(Z)max is surjective, we obtain a 1–1 correspondence between the Γ˜ -orbits
of the maximal coGalois subgroups of Z (the conjugacy classes of the minimal coGalois subgroups of Γ˜ ) and the
elements of the set S = unionsqβ∈BSβ defined as follows. The index set B, in canonical bijection with L(A′), consists
of the families β = (βp)p∈Pq−1 , where βp ∈ N ∪ {∞}, with β2 ∈ {0, 1} for q ≡ 3 (mod 4). For any β ∈ B put
Vβ := {p ∈ P q−1
2
| βp 6= ∞}, nβ :=∏p∈Vβ pβp , and
Sβ :=

∏
p∈Vβ
Sβ,p if q ≡ 1 (mod 4) or β2 = 1∏
p∈Vβ∪{2}
Sβ,p if q ≡ 3 (mod 4) and β2 = 0,
where Sβ,p = S+β,p unionsq S∗β,p is the finite mixed (additive–multiplicative) structure [5, Introduction] whose additive
partS+β,p is the ideal pβp+1Zp/(qnβ −1)Zp of the finite quotient ring Zp/(qnβ −1)Zp ∼= Z/pβp+vp(q−1)Z, while its
multiplicative part S∗β,p is the finite subset {a(1 + (q − 1)Zp) | a ∈ Zp, vp(a) ≤ βp} of the multiplicative quotient
groupQ∗p/1+(q−1)Zp, i.e., the image of the well-defined map θβ,p : (Zp/(qnβ−1)Zp)\S+β,p −→ Q∗p/1+(q−1)Zp,
induced by the canonical projection Q∗p −→ Q∗p/1+ (q − 1)Zp.
The countable set S is finite⇐⇒ |S| = 3 ⇐⇒ q = 3. Note that C+(Γ˜ )min ⊆ C(Γ˜ )min, and the q − 1 conjugacy
classes of the subgroups 〈˜τ i σ˜ 〉, i = 0, 1, . . . , q − 2, are in 1–1 correspondence with the elements of the subset S0
of S.
The largest Γ˜ -invariant coGalois subgroup ofZ isG := ∩
γ∈Γ˜
γG0 = Z1(Γ˜ , A′) ∼= A′⊕A′ ∼= ⊕p| q−12 (Qp/Zp)
2⊕
E , with E = 0 for q ≡ 1 (mod 4) and E = (Z/2Z)2 for q ≡ 3 (mod 4) respectively. Consequently, the smallest
coGalois normal subgroup of Γ˜ is G⊥ = 〈˜τn, σ˜n〉 with n := λS∪{l} for q ≡ 1 (mod 4) and n := λS∪{l} + λ{2} for
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q ≡ 3 (mod 4) respectively,
Γ˜/G⊥ ∼=
∏
p|(q−1)
Γ˜/G(p)⊥ ∼=

∏
p|(q−1)
Zpoq Zp if q ≡ 1 (mod 4) ∏
p| q−12
Zpoq Zp
× (Z/2Z× Z/2Z) if q ≡ 3 (mod 4),
µG⊥⊥ = AG
⊥ = A′ + A′′,
and
G⊥⊥ = Z1(Γ˜ | G⊥, AG⊥) = {g ∈ Z | g(˜σ ) ∈ A′ + A′′, g(˜τ ) ∈ A′} ∼= (A′ + A′′)⊕ A′.
Thus G⊥ is open⇐⇒ G ∼= Γ˜/G⊥ ∼= Z/2Z× Z/2Z⇐⇒ Γ˜/G⊥ is Abelian⇐⇒ q = 3.
The coGalois action (Γ˜/G⊥, A′ + A′′) associated to (Γ˜ , A), as well as the induced strongly coGalois action
(Γ˜/G⊥, A′), are natural liftings of the corresponding actions described in Example 6.1.
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